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Abstract. Let G be a reductive algebraic group over Q, and suppose that T C G(R) is an arith- 
metic subgroup defined by congruence conditions. A basic problem in arithmetic is to determine 
the multiplicities of discrete series representations in L 2 (r\G(]R)), and in general to determine the 
traces of Hecke operators on these spaces. In this paper we give a conjectural formula for the traces 
of Hecke operators, in terms of stable distributions. It is based on a stable version of Arthur's 
formula for L 2 -Lefschetz numbers [3], which is due to Kottwitz |21j . We reduce this formula to the 
computation of elliptic p-adic orbital integrals and the theory of endoscopic transfer. As evidence 
for this conjecture, we demonstrate the agreement of the central terms of this formula with the 
unipotent contributions to the multiplicity coming from Selberg's trace formula in Wakatsuki |43| . 
in the case G = GSp 4 and T = GSp 4 (Z). 



1. Introduction 

Let G be a reductive algebraic group over Q, and V an arithmetic subgroup of G(R) denned by 
congruence conditions. Then G(R) acts on L 2 (L\G(K)) via right translation; let us write R for this 
representation. A fundamental problem in arithmetic is to understand R. As a hrst step, we may 
decompose R as 

R = Rdisc ffl -Rcontj 

where i?disc is a direct sum of irreducible representations, and R CO nt decomposes continuously. The 
continuous part may be understood inductively through Levi subgroups of G as in [23) . We are 
left with the study of i?disc- Given an irreducible representation 7r of G(R), write i?disc(7r) for the 
it- isotypic subspace of -Rdisc- Then 

i?discM = 7r®^W 

for some integer m^scC"")- (We may also write mdisc(7r, L).) A basic problem is to compute these 
integers. 

There is more structure than simply these dimensions, however. Arithmetic provides us with a 
multitude of Hecke operators h on L 2 (L\G(R)) which commute with R. Write i?disc( 7r J ^) for the 
restriction of h to Rdisd^)- The general problem is to find a formula for the trace of -Rdisc ("^i h). 

We focus on discrete series representations tt. These are representations which behave like rep- 
resentations of compact or finite groups, in the sense that their associated matrix coefficients are 
square integrable. Like other smooth representations, they have a theory of characters developed 
by Harish-Chandra. They separate naturally into finite sets called L-packets. For an irreducible 
finite-dimensional representation E of G(C), there is a corresponding L-packet II^; of discrete series 
representations, consisting of those with the same infinitesimal and central characters as E. Say 
that a discrete series representation is regular if 7r € n^, with the highest weight of E regular. 

We follow the tradition of computing tr i2di sc (7r, h) through trace formulas. This method has 
gone through several incarnations, beginning in a paper |34j of Selberg's for GL2, in which he also 
investigated the continuous Eisenstein series. A goal was to compute dimensions of spaces of modular 
forms, and traces of Hecke operators on these spaces. These spaces of modular forms correspond to 
the spaces i?disc("") we are discussing in this case. His trace formula is an integral, over the quotient 
of the upper half space X by L, of a sum of functions _ff 7 , one for each element of T. Let us write 
it roughly as 
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dim c S(T) = [ ViL,(Z)dZ, 

for some space S(T) of cusp forms with a suitable T-invariance condition. 

Here dZ is a G(M)-invariant measure on X. When the quotient Y\X is compact, the sum and 
integral may be interchanged, leading to a simple expression for the dimensions in terms of orbital 
integrals. The interference of the Eisenstein series precludes this approach in the noncompact quo- 
tient case. Here there are several convergence difficulties, which Selberg overcomes by employing a 
truncation process. Unfortunately the truncation process leads to notoriously complicated expres- 
sions which are far from being in closed form. This study of -RdiscM has been expanded to other 
reductive groups using what is called the Arthur-Selberg trace formula. (See Arthur [7].) 

Generally, a trace formula is an equality of distributions on G(M), or on the adelic group G(A). 
One distribution is called the geometric side; it is a sum of terms corresponding to conjugacy classes 
of G. Given a test function /, the formula is essentially made up of combinations 7m(7>/) of 
weighted integrals of / over the conjugacy classes of elements 7. (Here M is a Levi subgroup of G.) 
Another distribution is called the spectral side, involving the Harish- Chandra transforms tr7r(/) for 
various representations tt. Here, the operator 7r(/) is given by weighting the representation 7r by /. 
The geometric and spectral sides agree, and in applications we can learn much about the latter from 
the former. Some of the art is in picking test functions to extract information about both sides. 

The best general result using the trace formula to study tri^disc^, h) seems to be in Arthur [3j. 
He produces a formula for 

(1.1) ^trRitefah), 

■rrell 

where II is a given discrete series L-packet for G(R). He uses test functions / which he calls 
"stable cuspidal". Their Fourier transforms it M> tiw(f) are "stable" in the sense that they are 
constant on L-packets, and "cuspidal" in the sense that, considered as a function defined on tempered 
representations, they are supported on discrete scries. (Tempered representations arc those which 
appear in the Plancherel formula for G(M).) Using his invariant trace formula (Arthur p], [2]), he 
obtains (jl.ip as the spectral side. The geometric side is a combination of orbital integrals for h and 
values of Arthur's ^-function, which describes the asymptotic values of discrete series characters 
averaged over an L-packet. 

In particular, he produces a formula for 

(i-2) radish), 

Tren 

for a L-packet n of (suitably regular) discrete series representations. 

In the case of G = GL2, there is a discrete series representation irk for each integer k > 1. In this 
case mdisc(TTfc) is the dimension of the space Sk(T) of T-cusp forms of weight k on the upper half 
plane. Restriction to SL2(R) gives two discrete series {^,n^} in each L-packet. However we may 
still use Arthur's formula here since mdisc^j!", T) = mdi S c(""^j T) for every arithmetic subgroup T. 
(Endoscopy does not play a role.) 

For the group GSp 4 (]R) there are two discrete series representations in each L-packet: one "holo- 
morphic" and one "large" discrete series. Let n be a holomorphic discrete series, and write ir' for 
the large discrete series representation in the same L-packet as n. The multiplicity TOdis C (7r, T) is 
also the dimension of a certain space of vector- valued Siegel cusp forms (see [44 ) on the Siegel 
upper half space, an analogue of the usual cusp forms on the upper half plane. For T = Sp 4 (Z), the 
dimensions of these spaces of cusp forms were calculated in Tsushima [40], [41] using the Riemann- 
Roch-Hirzebruch formula, and later in Wakatsuki [32] using the Selberg trace formula and the theory 
of prchomogeneous vector spaces. Wakatsuki then evaluated Arthur's formula in [53] to compute 

TO d isc(7T, T) + m disc (7r', T), 

thereby deducing a formula for mdi S c(""'i L). 
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A natural approach to isolating the individual TOdiscMi or generally the individual tr i?disc( 7r J h), 
is to apply a trace formula to a matrix coefficient, or more properly, a pseudocoefficient /. This 
means that / is a test function whose Fourier transform picks out tt rather than the entire packet 
IT containing tt. (See Definition [6] below.) Such a function will not be stable cuspidal, but merely 
cuspidal. Arthur ([3], see also [7]) showed that Im (l,f) vanishes when / is stable cuspidal and 
the unipotent part of 7 is nontrivial. If we examine the geometric side of Arthur's formula for a 
pseudocoefficient /, we must evaluate the more complicated terms /m(7>/) for elements 7 with 
nontrivial unipotent part. At the time of this writing, such calculations have not been made in 
general; we take another approach. 

Distinguishing the individual representations tt from others in its L-packet leads to the theory 
of endoscopy, and stable trace formulas. The grouping of representations tt into packets II on the 
spectral side mirrors the fusion of conjugacy classes which occurs when one extends the group G(M) 
to the larger group G(C). If F is a local or global field, then a stable conjugacy class in G(F) is, 
roughly, the union of classes which become conjugate in G(F). (See [24] for a precise definition.) 

The distribution which takes a test function to its integral over a regular semisimple stable 
conjugacy class is a basic example of a stable distribution. Indeed, a stable distribution is defined to 
be a closure of the span of such distributions (see [5^, 24 ). A distribution on G(F) is stabilized if 
it can be written as a sum of stable distributions, the sum being over smaller subgroups H related to 
G. These groups H are called endoscopic groups for G; they are tethered to G not as subgroups but 
through their Langlands dual groups. As part of a series of techniques called endoscopy, one writes 
unstable distributions on G as combinations of stable distributions on the groups H . Part of this 
process is the theory of transfer, associating suitable test functions f H on H(F) to test functions / 
on G(F) which yield a matching of orbital integrals. Indeed this was the drive for [29 . As the name 
suggests, the theory of endoscopy, while laborious, leads to an intimate understanding of G. 

There has been much work in stabilizing Arthur's formula: See for example [25], [I], [5J, [5]. In 
Kottwitz's preprint [2T], he defines a stable version of Arthur's Lefschetz formula, which we review 
below. (See also [28].) It is a combination 

IC(f)=J2^G,H)ST g (f H ) 

H 

of distributions / n- f H M> ST g (f H ) over endoscopic groups H for G. Here the distributions ST g , 
defined for each H, are stable. (See Section ISTTl for the definition of the rational numbers l(G,H).) 
Each ST g is a sum of terms corresponding to stable conjugacy classes of elliptic elements 7 £ H(Q). 
The main result of [2T] is that K, agrees with Arthur's distribution, at least for functions / which 
are stable cuspidal at the real place. 

As part of the author's thesis [37], he evaluated the identity terms of Kottwitz's distribution for the 
group G — SO5 at a function / which was a pseudocoefficient for a discrete series representation at 
the real place. Later, Wakatsuki noted that the resulting expressions match up with the terms in his 
multiplicity formulas mdisc(7r,r) and rridisc (tt' , T) corresponding to unipotent elements. Moreover, 
the contribution in [37 from the endoscopic group accounted for the difference in these multiplicity 
formulas, while the stable part corresponded to the sum. After further investigation, we conjecture 
simply that Kottwitz's distribution evaluated at a function / — f^.r suitably adapted to tt and Y is 
equal to mdisc(7i", r), under a regularity condition on tt. (See Section [5.31 for the precise statement.) 
Of course this is compatible with Arthur's results in [3]. 

In this paper we give some computational evidence for this conjecture. We also reduce the 
computation of each ST{f^ T ) to evaluating elliptic orbital p-adic integrals for the transfer f°° H at 
the finite places. The rest breaks naturally into a problem at the real points and a global volume 
computation. 

The main ingredient at the archimedean place is Arthur's ^-function $m(7, ® E ), which we review. 
This quantity gives the contribution from the real place to the trace formulas in [3] and [12] . It also 
plays a prominent role in Kottwitz's formula. This function, originally defined by the asymptotic 
behaviour of a stable character near a singular elliptic element 7, was expressed in closed form by 
the author in 1381. 
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There are two volume- related constants that enter into any explicit computation of ST g . The first 
is v(G), which is essentially the volume of an inner form of G over R. It depends on the choice of local 
measure dgoo. The second comes about from orbital integrals at the finite ideles, and depends on 
the choice of local measure dgj. These integrals may frequently be written in terms of the volumes 
of open compact subgroups Kf of G(A/). In practice, one is left computing expressions such as 
v(G)~ 1 voldgfiKf) -1 , which are independent of the choice of local measures. More specifically, we 
define 

XK t (G) = HG)- 1 vo\ dgf {K f )- X T{G)d{G). 
Here t(G) is the Tamagawa number of G and d(G) is the index of the real Weyl group in the 
complex Weyl group. A main general result of this paper, Theorem [5] interprets XK f {G) via Euler 
characteristics of arithmetic subgroups. It extends a computation of Harder |14) . which was for 
semisimple simply connected groups, to the case of reductive groups, under some mild hypotheses 
onG. ' 

We work out two examples in this paper, one for SL2 and another for GSp 4 . It is easy to verify 
our conjecture for G = SL2 and T = SL2(Z) using the classic dimension formula for cusp forms. 
In this case endoscopy does not appear. The calculations for GSp 4 are more complex; we content 
ourselves with working out the central terms of Kottwitz's formula. 

If 7r is a holomorphic discrete series representation of GSp 4 (R), write iff for the central- unipotent 
terms of the Selberg trace formula, as evaluated in [43] to compute m^sc^, r). Here V = GSp 4 (Z). 
If 7r is a large discrete series representation, write iff for the central-unipotent terms in [43] con- 
tributing to mdisc(7r, r). In both cases, write / = / Wj r = foaf°°, with /qq a pseudocoefficient for w, 
and f°° the (normalized) characteristic function of the integer adelic points of G. Write /C(/, ±1) 
for the central terms of Kottwitz's formula applied to /. 

As evidence for our conjecture, we show: 

Theorem 1. For each regular discrete series representation it of G(R) we have 

X:(/» >r ,±l) = flf. 

We believe that the central terms of Kottwitz's formula will generally match up with the difficult 
central-unipotent terms of the Arthur-Selberg formula, as in this case. 

Our conjecture reduces the computation of discrete series multiplicities to the computation of 
stable elliptic orbital integrals of various transfers f^, written for functions on G(Q p ). Let us write 
this as SO lH (fp). Here f p are characteristic functions of congruence subgroups of G(Q P ) related to 
r. Certainly at suitably regular elements, SO lH (f p H ) is an unstable combination of orbital integrals 
of f p , however there are also contributions from elliptic singular jh, notably 7# = 1. At present, 
there are expressions for in the parahoric case and of course for G(Z p ), but less seems to be known 
for smaller congruence subgroups. On the other hand, there are many formulas for dimensions of 
Siegel cusp forms and discrete series multiplicities for these cases (e.g. [53] ). This suggests that one 
could predict stable singular elliptic orbital integrals SO lH (f?) for the transfer f^ of characteristic 
functions of congruence subgroups (e.g. Klingen, Iwahori, Siegel), by comparing our formulas. 

We now describe the layout of this paper. 

In Section[5]we set up the conventions for this study. We explain how we are setting up the orbital 
integrals, and indicate our main computational tools. We also review the Langlands correspondence 
for real groups. 

The theory of Arthur's ^-function is reviewed in Section [U In Section [5] we review Kottwitz's 
stable version of Arthur's formula from [3T]. We also state our conjecture here. The heart of the 
volume computations in this paper is in Section |H1 where we determine xk (G). As a warm-up, we 
work out the classic case of SL2 , with T = SL2 (Z) in Section [7] 

The case of G = GSp 4 is considerably more difficult. We must work out several isomorphisms of 
real tori. These are described in Section [5] The basic structure of G and its Langlands dual G is set 
up in Section IHl In Section [TU] we work out the Langlands parameters for discrete series of G(R). 
There is only one elliptic endoscopic group H for G. We describe H in Section [TT] In Section [T^l we 
describe the Langlands parameters for discrete series of H (R) and describe the transfer of discrete 
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series in this case. In Section [T3] we describe the Levi subgroups of G and H and compute various 
constants which occur in Kottwitz's formula for these groups. In Section Q3] we compute explicitly 
Arthur's ^-function for Levi subgroups of G, and we do this for Levi subgroups of H in Section [T5l 
In Section [16l we write out the terms of Kottwitz's formula corresponding to central elements of G 
and H, for a general arithmetic subgroup L. In Section[17l we specialize to the case of L = GSp 4 (Z), 
and in Section [18] we gather our results to demonstrate Theorem [TJ 

Acknowledgements: This paper is founded on the author's thesis under the direction of Robert 
Kottwitz. The author would like to thank him for his continual help with this project. This paper is 
also indebted to Satoshi Wakatsuki for predicting Theorem [TJ and for much useful correspondence. 
We would also like to thank Ralf Schmidt for helpful conversations. 

2. Preliminaries and Notation 

We denote by A the ring of adeles over Q. We denote by Ay the ring of finite adeles over Q, so 
that A = AjxM. Write Of for the integral points of Af. 

If G is a real Lie group, we write G + for the connected component of G (using the classical 
topology rather than any Zariski topology). 

Let G be a connected reductive group over R. A torus T in G is elliptic if T j Aq is anisotropic (as 
an R-torus). Say that G is cuspidal if it contains a maximal torus T which is elliptic. An element of 
G(R) is elliptic if it is contained in an elliptic maximal torus of G. Having fixed an elliptic maximal 
torus T, the absolute Weyl group of T in G is the quotient of the normalizer of T(C) in G(C) 
by T(C). The real Weyl group fi GjH of T in G is the quotient of the normalizer of T(R) in G(R) 
by T(R). We may drop the subscript "G" if it is clear from context. Also fix a maximal compact 
subgroup Kr of G(R). 

Write q(G) for half the dimension of G(R)/ATrZ(R). If we write R for the roots of G, with a set 
of positive roots R + , then 

q(G) = l(\R + \+dim(X)), 

where X is the span of R. 

If F is a field, write Tp for the absolute Galois group of F. Suppose G is an algebraic group 
over F. If E is an extension field of F, we write Ge for G viewed as an algebraic group over E (by 
restriction). If 7 is an element of G(F), we denote by G 7 the centralizer of 7 in G. By G° we denote 
the identity component of G (with the Zariski topology). Write Gdor for the derived group of G. If G 
is a reductive group, write G sc for the simply connected cover of Gdor- Let X*(G) = Hom(G-p, G m ) 
and X*(G) = Hom(G m , G-p). These are abelian groups. Write X*(G)c and X*(G)c for the tensor 
product of these groups over Z with C. Similarly with the subscript "R". Write Aq(F) for the 
maximal -F-split torus in the center of G. 

If G is an algebraic group over Q, let G(Q)+ = G(R)+ H G(Q). 

2.1. Endoscopy. In this section we review the theory of based root data and endoscopy in the form 
we will use in this paper. 

The notion of a based root datum is defined in [55] . Briefly, it is a quadruple * = (X, A, X v , A v ) 
where: 

• X and X v are free, finitely generated abelian groups, in duality by a pairing 

(,):XxI v 4Z. 

• A (rcsp. A v ) is a finite subset of X (resp. of X y ). 

• There is a bijection a4a v from A onto A v . 

• For all a, we have (a, a v ) = 2. 

• If s a (resp. s Q v) is the reflection of X (resp., of X v ) determined by a and a v , then 
s Q (A) c A (resp, s Q v(A v ) c A v ). 
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The dual of * = (X, A, X v , A v ) is given simply by * v = {X v , A v , X, A). 

Let * = (X,A,X V ,A V ) and = (X' , A', X' v , A' v ) be two root data. Then an isomorphism 
between ^ and is a homomorphism / : X —> X' so that / induces a bijection of A onto A' and 
so that the transpose of / induces a bijection of A v onto A v . 

Let G be a connected reductive group over an algebraically closed field F. Fix a maximal torus 
T and a Borel subgroup B of G with T C B. We say in this situation that (T, B) is a pair (for G). 
The choice of pair determines a based root datum 

9 (G,T,B) = (X*(T),A(T,B),X*(T),A V (T,B)) 

for G. Here A(T,B) is the set of simple i?-positive roots of T, and A V (T,B) is the set of simple 
S-positive roots of T. If another pair T' C £?' is chosen, the new based root datum obtained is 
canonically isomorphic to the original via an inner automorphism a of G. We have ct(T') = T 
and a(B') = B. Although the inner automorphism a need not be unique, its restriction to an 
isomorphism T' — > T is unique. 

We may remove the dependence of the based root datum on the choice of pair as follows. Write 
X* (resp. A, X*, and A v ) for the inverse limit over the set of pairs (T, B) of X*(T) (resp. A(T, B), 
X*(T), A V (T, B)). Then we simply define the based root datum of G to be 

*o(G) = (X*,A,X»,A V ). 

Conversely, given a based root datum, the group G over F is uniquely determined up to isomor- 
phism. 

Let G be a connected reductive group over a field F, and ^o(G) a based root datum of G-p. Then 
IV acts naturally (via isomorphisms) on 'I'o(G) . The action of IV on G is said to be an L- action if 
it fixes some splitting of G (see Section 1.3 of [16]). 

Conversely, given a based root datum with a F ^-action, the group G over F is uniquely determined 
up to isomorphism. 

Definition 1. A dual group for G is the following data: 

i) A connected complex reductive group with a based root datum ^o(G). We write its complex 
points as G. 

ii) An L-action ofTp on G. 

iii) A r p -isomorphism from \&o(G) to the dual of^o(G). 

To specify the isomorphism for iii) above, one typically fixes pairs (To, Bo) of G and (So, Bo) of 
a dual group G and an isomorphism from ^o(G, So, B ) to the dual of ^o(G, T , B ). 
In the case that G is a torus T, the dual group T is simply given by 

(2.1) f = X*(T)® Z C X , 

with the r^-action induced from X*(T). There are canonical F ^-isomorphisms X*(T) ^> X*(T) 
and X«(f) -3 X*(T). 

The formalism for dual groups encodes canonical isomorphisms between tori. If T and T' are 
tori, and ip : T — > T" is a homomorphism, it induces a homomorphism T' — > T in the evident way. 

Suppose that (T, B) is a pair for G and (S, B) is a pair for G. By iii) above, one has an in 
particular a fixed isomorphism from ^>o(G, T, B) to the dual of ^o(G, S, B). In particular this yields 
an isomorphism from X*(T) to X*(S), which induces an isomorphism 

(2.2) f^S. 

Next, let G be a connected reductive group over a field F, which is either local or global. 

Definition 2. An endoscopic group for G is a triple (H,s,r)) 7 where 

• H is a quasi-split connected group, with a fixed dual group H as above. 

• s e z(H). 

• rj : H —¥ G is an embedding. 
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• The image of r/ is (G)°, 3 ->, the connected component of the centralizer in G ofr](s). 

• The G-conjugacy class of rj is fixed by Tp. 

Cohomology of T p-modules then yields a boundary map 

~Z{H)/Z{G) 

• The image of s in Z(H)/Z(G) is fixed by T, and its image under the above boundary map 
is trivial if F is local and locally trivial if F is global. 

An endoscopic group is elliptic if the identity components of Z{G) Tf and Z{H) Tf agree. 

The notion of an isomorphism of endoscopic groups is defined in Section 7.5 of [16] ; we do not 
review it here. 

2.2. Langlands Correspondence. Let G be a connected reductive group over R. In this section 
we review elliptic Langlands parameters for G and the corresponding L-packets for discrete series 
representations of G(M). Our main references are [5] and [15]. Write Wr for the Weil group of R, 
and Wc for the canonical image of C x in Wr- There is an exact sequence 

1 W c -> Ww. -> r R 1. 

The Weil group Wr is generated by Wc and a fixed element r satisfying t 2 = — 1 and tzt^ 1 = z 
for z £ Wc- The action of Fr on G inflates to an action of Wr on G, and through this action we 
form the L-group L G = G x Wr. 

A Langlands parameter tp for G is an equivalence class of continuous homomorphism tp : Wr — > L G 
commuting with projection to Fr, satisfying a mild hypothesis on the image (see [8]). The equivalence 
relation is via inner automorphisms from G. One associates to a Langlands parameter ip an L-packet 
LT((/j) of irreducible admissible representations of G. 

Suppose that G is cuspidal, so that there is a discrete series representation of G(R). This implies 
that the longest element wq of the Weyl group fl acts as —1 on X*(T). If tp is a Langlands parameter, 
write C v for the centralizer of (^(Wr) in G and S for the centralizer of <p(Wc) in G. Write S v for 
the product G V Z(G). We say ip is elliptic if S V /Z(G) is finite, and describe the L-packet II(^) in 
this case. 

Since ip is elliptic, the centralizer S is a maximal torus in G. Since tp commutes with the projection 
to Fr, it restricts to a homomorphism 

W c -> S x {1}. 

We may view this restriction as a continuous homomorphism ip : C x — > S, which may be written in 
exponential form 

p(z) = z^z v 

with \x and v regular elements of X*(T)c- Write B for the unique Borel subgroup of G containing 
S so that (/x, a) is positive for every root a of 5 that is positive for B. We say that tp determines 
the pair (S, B), at least up to conjugacy in G. 

Let B be a Borel subgroup of Gc containing T. Then tp and B determine a quasi-character 
Xb = x{fi B)i as follows. There is a canonical (up to G-conjugacy) homomorphism r\B ■ L T — > L G 
described in [19] so that for z e Wc, 

T}b(z) = z p z~ p x z e G x W R . 

Here p — pa is the half sum of the i3-positive roots for T. Then a Langlands parameter tps for 
T may be chosen so that tp = r/s ° Pb- Finally xb is the quasi-character associated to tps by the 
Langlands correspondence for T (as described in Section 9.4 of [8]). 

Write B for the set of Borels of Gc containing T. The L-packet associated to tp is indexed by 
fl«\B. For B £ Or\B, a representation ir(tp, B) in the L-packet is given by the irreducible discrete 
series representation of G(R) whose character 8^ is given on regular elements 7 of T(R) by 



H 1 (F,Z(G)). 
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(-i) 9(G) £ x^M-a^W" 1 . 



Here is the usual discriminant 



As (7) 



n a-^r 1 ). 



a>0 for B 



Finally, let 



1%) 



{ir(<p,B) \Ben R \B}. 



It has order d(G) — | 0/Ojr | . There is a unique irreducible finite-dimensional complex representa- 
tion E of G(C) with the same infinitesimal character and central character as the representations in 
this L-packet. It has highest weight /1 — p E X*(T) with respect to B. The isomorphism classes of 
such E are in one-to-one correspondence with elliptic Langlands parameters ip, and we often write 
U E for 1%). 

Definition 3. We say that a discrete series representation n <= n^i is regular if the highest weight 
of E is regular. 

2.3. Measures and Orbital Integrals. Let G be a locally compact group with Haar measure dg. 
If / is a continuous function on G, write f dg for the measure on G given by 



for ip continuous and compactly supported in G. We will refer to the measures obtained in this 
way simply as "measures" . If G is a p-adic, real, or adelic Lie group, we require that / be suitably 
smooth. 

In this paper, we will view orbital integrals and Fourier transforms as distributions defined on 
measures, rather than on functions. This approach eases their dependence on choices of local mea- 
sures, choices which do not matter in the end. 

If K is an open compact subset of G, then write ejf for the measure given by fdg, where / is the 
characteristic function of K divided by vo\d g {K). Note that the measure ex is independent of the 
choice of Haar measure dg. 

Let G be a reductive group defined over a local field F. Fix a Haar measure dg on G(F). Let fdg 
be a measure on G(F), and take a semisimple element 7 <E G(F). Fix a Haar measure dt of G(F)°. 
Then we write 7 (fdg; dt) for the usual orbital integral 



Many cases of finite orbital integrals are easy to compute by the following result, a special case 
extracted from Section 7 of [T7] : 

Proposition 1. Let F be a p-adic field with ring of integers O. Let G be a split connected reductive 
group defined over O, and K = G{0). Suppose that 7 € K is semisimple, and that 1 — 0(7) is either 
or a unit for every root a of G. Let 7' be stably conjugate to 7. Then 7 <(e/<-;<ii) vanishes unless 
7' is conjugate to 7, in which case 



Now let G be a reductive group defined over Q. 

Let f°°dgf be a measure on G(Af) and take a semisimple element 7 € G(Af). Fix a Haar measure 
dt f of G°(A f ). Write 7 (/ oo dg / ; dt f ) for the orbital integral 





Oy{e K ;dt) =vo\ dt (G°JF)nK)- 1 . 
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We also have the stable orbital integrals 

SO y (f°°dg f ;dt f ) = e (7 t )0 7l (/"da,; dfci,/), 

i 

the sum being over 7$ 6 G(Af) (up to G(A/)-conjugacy) whose local components are stably conjugate 
to 7. The centralizers of 7 and a given 7$ are inner forms of each other, and we use corresponding 
measures dtf and dtij. The number e(ji) is defined as follows: Recall that for a reductive group A 
over a local field, Kottwitz has defined an invariant e(A) in [15]. It is equal to 1 if A is quasi-split. 
For each place v of Q, write 7^ for the vth component of 7,. Let 

e(^ v ) = e(G°^JQ v )). 

Finally, let 

e(7i) = IT e (^)- 

V 

Definition 4. Let M be a Levi component of a parabolic subgroup P of G, and duif a Haar measure 
on M(Af). Given a measure f°°dgf, its "M -constant term" is the measure f^dmf, where /jjj is 
defined via 

f$(m) = 5-f A ) (m) [ f r{k- l nmk)dk f dn f . 

S ' JN{k f )JK f 

Here we fix the Haar measure dkf on Kf giving it mass one, and the Haar measure drif on N(Af) 
is chosen so that dgf = dkfdnjdmf. The function (>p(Ay) is the modulus function on P(Af). 

It is independent of the choice of parabolic subgroup P. 

Proposition 2. Let G be a split group defined over Z and let Kf = G(Of). Then 

{e-K f )M = &M(A s )nK r 

Proof. Write ex s — f°°dgf. Then it is easy to see that f^(m) — unless m <E Kf. If m S Kf, we 
compute that 

/oc(m) = vol dkf (Kf)vo\ dnf (K f nN(Af)) 

M VO\ d g f (Kf) 

The result follows since vo\ dgf {K f ) = voLj mf (M(A f ) n Kf)vol dnj (N(A f ) n K f )vo\ dkf (K f ). □ 

2.4. PseudocoefRcients. We continue with a connected reductive group G over Q, and adopt some 
terminology from [3]. Fix a maximal compact subgroup of G(R). We put K^ = K]hAgOS.) + ■ 
Given a quasicharacter (smooth homomorphism to C x ) £ on ^4g(R) + > write 'Hac(G(R),£) for the 
set of smooth, if^-finite functions on G(R) which are compactly supported modulo Ag(R) + , and 
transform under Ag(K) + according to £. Write n(G(R),£) for the set of irreducible representations 
of G(R) whose central character restricted to Ag(R) + is equal to £. 

Given a function / € "H ac (G(R), a representation tt e n(G(R),£), and a Haar measure dg^ 
on G(R), write ^{fdgoo) for the operator on the space of 7r given by the formula: 

■x(fdgoo) = / f(x)n(x)dg OQ . 



Here we give Aq(K) + the measure corresponding to Lebesgue measure on R n , if Aq is 71-dimensional. 
The operator is of trace class. 

Write n te mp(G(R), ^) (resp. ndi sc (G(R), £)) for the subset of tempered (resp. discrete series) 
representations in n(G(R),£). 

Definition 5. Suppose that f G 'Hac(G(R), C -1 )- Then we say that the measure fdg^ is cuspidal if 
trTr(fdg 00 ), viewed as a function on nt em p(G(R), £), is supported on Hdi S c(G(R), £). 
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Write E for the contragredient of the representation E. In [3], Arthur employs cuspidal measures 
Ie G "Hac(G(R), whose defining property is that, for all 7r € IItcmp(G(R), £), 



(2.3) trir(f E dg c 



Such measures can be broken down further. 



(-i)9( G > if TT e n^, 

0, otherwise. 



Definition 6. Fix a representation ttq £ ILji S c(G(]R), £ 1 ), and let /o £ "H a c(G(R),i; 1 ). Suppose 
that the measure /o^Soo satisfies, for all 7r £ n t cmp(G(R), £), 



tr7r(/ d5oo) 



0, otherwise. 



It follows from the corollary in Section 5.2 of [5] i/iai swc/i functions exist. Pick such a function 
fo, and put 

e ir = fodgoo- 

Suppose that for each ir £ He we fix measures e T as above. Let 

7T 

the sum being over ir £ He- Then clearly /srf<?oo satisfies Arthur's condition (|2.3|) . 
Remark: The measure (—l) qt - G ^ e^ is called a pseudocoefficient of tt. 



3. Transfer 

We sketch the important theory of transfer in the form that we will use in this paper. 

Suppose that G is a real connected reductive group, and that (H,s,i]) is an elliptic endoscopic 
group for G. Fix an elliptic maximal torus Tjj of H, an elliptic maximal torus T of G, and an 
isomorphism j : Th — > T between them. Also fix a Borel subgroup B of Gc containing T and a 
Borel subgroup Bh of He containing Th- 

Suppose that £ is a quasicharacter on A(?(R), and that /oo £ % ac (G(R), C _1 ), with faodg^ 
cuspidal. There is a corresponding quasicharacter on j4jj(R) described in Section 5.5 of |21) . 

There is also a measure f^dh^ on H(M.) with £ % ac (iJ(R), t;]} 1 ), having matching character 
values. (See [36], [9], [10], [26].) More specifically, let be a tempered Langlands parameter for 
-Hr, and write Iljy = IL^h) for the corresponding L-packet of discrete series representations of 
H(M). Transport tpn via r\ to a tempered Langlands parameter for G. The parameters ipG and 
yjjj determine pairs (S,B) and (Sh,Bh) as in Section [2.21 

Then 

(3.1) tTUnif^dhoo) = A 00 (( / 3 ff ,7r) • tr Tr{f 00 dg ao ), 

Tren 

using Shelstad's transfer factors A 00 (t / 9/f , 7r). Both sides of (|3.1[) vanish unless Hh is a discrete 
series packet. In particular, f^dh^ is cuspidal, and it may be characterized by (|3.ip . (The transfer 
f^dhoo is only defined up to the kernel of stable distributions.) We may use this formula to identify 
it as a combination of pseudocoefficients. 

It is a delicate matter to specify the transfer factors. We will use a formula for A 00 (( y 9^f , tt) from 
[19] . which is itself a reformulation of 36 . One must carefully specify the duality between G and G, 
and between H and H, because this factor depends on precisely how this is done. It also depends 
on the isomorphism j : Th — > T, which must be compatible with correspondences of tori determined 
by the Langlands parameters, as specified below. 

Definition 7. The triple (j, Bt, Bt h ) is aligned with cpn if the following diagram commutes: 



STABLE TRACE FORMULAS AND DISCRETE SERIES MULTIPLICITIES 



11 



t ► s 

(3.2) | n . 

Th > Sh 

Here the isomorphism T — > S (resp., Th — > Sh) *s determined, as in 12.2]) . by (B,B) (resp., 
(Bh, Bh) )■ The map j is the dual map to j using the identification \2.1\l of the dual tori. 

For each uj £ f2, there is a character 

a^: (f/Z(G)) ri ^{±l} 

described in |19) . 

If the triple (j, Bt, Bt h ) is aligned with ipn, then we may take as transfer factors 

A 00 (ip H ,^(v,^ 1 (B))) = (a w J _:L (s)}. 

Next, let G be a connected reductive algebraic group over Q, and {H,s,rf) an endoscopic group 
for G. Given a measure f°°dgf on G(Af), there is a measure f°° H dhf on H(Af) so that for all 
7# G H(Aj) suitably regular, one has 

so 1H (r H dh f ) = ]T A°°( 7ff , T )0 7 (/°°%). 

7 

The sum is taken over G(A/)-conjugacy classes of "images" 7 € G(Af) of 7^. We have written 
A°°(7#,7) for the the Langlands-Shelstad transfer factors. One takes matching measures on the 
centralizers of 7 jj and the various 7 in forming the quotient measures for the orbital integrals. 
We have left out many details; please see Langlands-Shelstad [26 and Kottwitz-Shelstad [22] for 
definitions, and Ngo [29] for the celebrated proof. 

4. Arthur's ^-Function 

In this section we consider a reductive group G defined over R. Let T be a maximal torus 
contained in a Borel subgroup B of Gc- Let A be the split part of T, let T e be the maximal elliptic 
subtorus of T, and M the centralizer of A in G. It is a Levi subgroup of G containing T. Let -E be 
an irreducible finite-dimensional representation of G(C), and consider the L-packet He of discrete 
series representations it of G(R) which have the same infinitesimal and central characters as E. 
Write 9 W for the character of tt, and put 

qe = { _ 1)qi G) e w . 

Note that 6 £ ( 7 ) will not extend continuously to all elements 7 € T(R), in particular to 7 = 1. 
Define the function Dfj on T by 

I>S(7) = det(l - Ad( 7 ); Lie(G)/ Lie(Af)). 
Then a result of Arthur and Shelstad [3] states that the function 

7^1^(7)1^(7), 

defined on the set of regular elements T rGg (R), extends continuously to T(R). We denote this 
extension by $m(7,0 £; ). The following closed expression for $a/(7, B ) when 7 £ T e is given in 

EH]. 

Proposition 3. If j £ T e (R), then 

(4.1) $ M (7,e B ) = (-l)^|^ L | ^ e(u)tr( Tl V^ XB+pB) _ pB ). 

In particular, 
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i) IfT is elliptic then M = G and $0(7,©^) = tr(r,E). 

ii) IfT is split and z G A G (R) then M = A and <5> A {z,Q E ) = (-l)^\n G \X {z) . 

The notation needs to be explained. Here L is the centralizer of T e in G. The roots of T in L (resp. 
M) are the real (resp. imaginary) roots of T in G. Write fix, and Qm for the respective Weyl groups. 
Write Vt LM for the set of elements which are simultaneously Kostant representatives for both L and 
M, relative to B. We write e for the sign character of Finally by Vu(\ b +pb)-pb we d enote tne 
irreducible finite-dimensional representation of M(C) with highest weight uj(\b + Pb) — Pb, where 
As is the £?-dominant highest weight of E. Finally, Ao is the character by which Aq(M.) acts on E. 

For the case of central 7 = z, computing $>nf(z,® E ) amounts to computing the dimensions of 
finite-dimensional representations of M(C) with various highest weights. For this we use the Weyl 
dimension formula, in the following form: 

Proposition 4. (Weyl Dimension Formula) Let G be a complex reductive group, T a maximal torus 
in G, contained in a Borel subgroup B. Write Pb for the half-sum of the positive roots for T in 
G (with respect to B). Let Xb G X*(T) be a positive weight. Then there is a unique irreducible 
representation V\ B of G with highest weight Xb ■ Its dimension is given by 

dime V Xb = I I -, r . 

a>0 

Here (,) is a fic-invariant inner product on X*(T)r, which is unique up to a scalar. 

5. Kottwitz's Formula 

5.1. Various Invariants. In this section we introduce some invariants involved in Kottwitz's for- 
mula. 

By G we generally denote an inner form of Gr such that G/Aq is anisotropic over R. 
Definition 8. Let G be a cuspidal reductive group over R, and dgao a Haar measure on G(R). Let 

v{G-d 9oo ) = e(G)vol(G(R)A4 G (R)+). 
This is a stable version of the constant v(G) which appears in [3]. 

Here e(G) is the sign defined in [15]. (Note that e(G) = (— 1) 9 ( G ) when G is quasisplit.) In both 
cases the Haar measure on G(R) is transported from dg^ on G(R) in the usual way, and the measure 
on Ag(R) + is the standard Lebesgue measure. 

Definition 9. Let G be a cuspidal connected reductive group over Q. Then G contains a maximal 
torus T so that T/Aq is anisotropic over R. Write T sc for the inverse image in G sc of T. Then 
k(G) is the cardinality of the set im[.H' 1 (R,T BC ) -> iT 1 (M, T)] . 

Definition 10. If G is a reductive group over Q, write r(G) for the Tamagawa number of G, as 
defined in [30] . 

By [18] or [21] . the Tamagawa numbers r(G) for a reductive group G over Q may be computed 
using the formula 

T(G) = \n (Z(Gf<*)\-\ker\Q,Z(G))\- 1 . 
Here ttq denotes the topological connected component. 

Definition 11. Let M be a Levi subgroup of G. Then put 

n% = [N G (M)(Q):M(Q)}. 

Here Nq(M) denotes the normalizer of M in G. 

Definition 12. Let 7 G M(<Q) be semisimple. Then put 

z m { 1 ) = \{m 1 /m;) 

and 

l m (j) = [M 7 (Q) : M°( 
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Let (H,s,rj) be an endoscopic triple for G, and write Out(-ff, s,rj) for its outer automorphisms. 
Put 

i(G, H) = TiG)T(H)- 1 1 Out(iT, a, T,)]- 1 . 

5.2. The Formula. In this section we give Kottwitz's formula from [21] . 

Our G will now be a cuspidal connected reductive group over Q. Let /°° G G£°(G(A/)) and 
foe £ 7iac(G(M),£) for some £. We consider measures fdg of the form fdg — f°°dgf ■ foodgoo G 
C£°(G(A)), for some decomposition dg = dgfdgoo of the Tamagawa measure on G(Af). Also choose 
such decompositions for every cuspidal Levi subgroup M of G. 

First we define the stable distribution S&m at the archimedean place: 

Definition 13. Let M be a cuspidal Levi subgroup of G. Let 7 G M (Q) be elliptic, and pick a Haar 
measure dt^ of M°(M) . Then S$m{1i foodgoo] c^oo) is defined to be 

(-l) dim ( AM / 4o )fc(M)fc(G)- 1 «(M°;dt oo )- 1 ^$ M (7"\0n)trn(/ oo ^ oo ), 

n 

the sum being taken over L-packets of discrete series representations. 
Here is the basic building block of Kottwitz's formula: 

Definition 14. Let M be a cuspidal Levi subgroup of G, and 7 € M (Q) an elliptic element. Pick 
Haar measures dtj on M°(A/) and dioo on M°(R) whose product is the Tamagawa measure dt on 
M°(A). 

M^e define 

ST g (fdg, 1 ,M) = (nf i r 1 T(M)T M ( 1 )- 1 SOMMdmf;dt f )S$Mh 

Here f^drrif is the M-constant term of f°°dgf. The product S0 7 (f^dmf,dtf)v(M;dt oo ) is 
independent of the decompositions of di and dg. We will therefore often write this simply as 
SOj(f^ dm f)v(M) . Similarly for other such products. 

Kottwitz defines 

ST g (fdg) = J2J2 ST g (fdg n ,M). 

Here M runs over G(Q)-conjugacy classes of cuspidal Levi subgroups in G, and the second sum 
runs over stable M(Q)-conjugacy classes of semisimple elements 7 e M(Q) which are elliptic in 
M(R). 

For convenience we also define, for 7 £ G(Q) semisimple, 

ST g (/d 3 , 7 ) = ^ST g (/d 5 ,7,M), 

M 

The sum being taken over cuspidal Levi subgroups of G with 7 G M(Q). 
Kottwitz's stable version of Arthur's trace formula is given by 

K(fdg)= ]T L (G,H)ST g (f H dh), 

where £0 is the set of (equivalence classes of) elliptic endoscopic groups for G. 

We record here the simpler form of ST g (fdg,j,M) when 7 = z is in the rational points Z(Q) of 
the center of G. We have 

ST g (fdg,z,M) = (-l) di ^ A -'^^(nf i y^ 
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5.3. Conjecture. Recall the stable cuspidal measure /ec^oo from Section I2TH Fix any test function 
/ x '/.'/; and put / = / * .//;-/</. 
Let 

T g (fdg) = ^(r4)- 1 ^ t M ( 7 )- 1 r(M 7 )0 7 (/^dm / )$M(7,/i=;rf3oo). 

M 7 

Here as in [3], $m(7, — ) is the unnormalized form of Arthur's distribution 1m defined in pQ. 
Now suppose that 7r g ILii SC (G(]R), £), and let if/ be an open compact subgroup of G(A/). Write 

L 2 (G(Q)\G(A)/K f ,0 

for the space of functions on this double coset space which transform by j4g(K.) + according to 
£ and are square integrable modulo center. Write iZdisct^j Kf) for the 7r-isotypical subspace of 
L 2 (G(Q)\G(A)/Kf,£); it is finite-dimensional. If f°°dgf is if/-biinvariant, then convolution gives 
an operator i?disc(7r, f°°dgt) on i?disc(7r, Kf). According to Arthur's Corollary 6.2 of [3], if the 
highest weight of E is regular, then 

trR disc (7rJ°°dgf) = T g (/d ff ). 

iren B 

The main result of Kottwitz [21] is that when foodgoo is stable cuspidal, then 

T a {fdg) = K{fdg). 

Since we may assume fEdgoo = ^Tren^ e wi the following conjecture is plausible: 

Conjecture 1. Fix a regular discrete series representation ir o/G(R). Let foodgoo — e K as in Section 
\2.4\ Pick a measure f°°dgf with f°° € G C (G(A/)), and dgfdgoo = dg the Tamagawa measure on 
G(A). Putf = f°°f 00 . Then 

JC(fdg)=tTR disc («J 00 dg f ). 

In particular, if we pick a compact open subgroup Kf of G(A/), and put f°°dgf — e# , , we obtain 

TOdisc^, Kf) = K,{e^e Kf )- 

In this paper we give some evidence for this conjecture. Moreover, we will see that IC(fdg) is given 
by a closed algebraic expression, which is straightforward to evaluate, so long as one can compute 
the transfers e^ at the real place, and evaluate the elliptic orbital integrals of f°° H dhf at the finite 
adeles. 



6. Euler Characteristics 

We have finished our discussion of Kottwitz's formula, and now solve the arithmetic volume 
problem mentioned in the introduction. For simplicity we will write K rather than Kf for open 
compact subgroups of G(A/) in this section. 

Definition 15. For K a compact open subgroup of G(Af), we define 

Xk(G) = v(G; dgoo)- 1 vo\ dgf (X)- 1 r(G)d(G), 

if G is cuspidal. If G is not cuspidal, then xk(G) = 0. 

Note that if Kq is another compact open subgroup of G(Af), with K C Kq of finite index, then 
Xk{G) = [Kq : K]xk {G). In this section we compute the quantities Xk(G) under some mild 
hypotheses on G. 
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6.1. Statement of Theorem. Before getting embroiled in details, let us sketch the idea of the 
computation of xk (G). The computation is considerably easier if K is sufficiently small. In this 
case, Xk{G) is the classical Euler characteristic of a Shimura variety. This in turn may be written in 
terms of Euler characteristics of an arithmetic subgroup of G ad (lR). For G a semisimple and simply 
connected Chevalley group, such Euler characteristics were computed in |14j . 

Our work is to reduce to this case. Given a compact open subgroup Kq of G(A/), we will pick 
a sufficiently small subgroup K of K . By the above we know the analogue of Xk{G) for G sc . To 
compute Xk {G) we have two tasks: to transition between G and G sc , and to transition between K 
and Kq. 

The resulting formula entails several standard definitions: 

Definition 16. Write G(M)+ C G(R) for the inverse image o/G ad (R)+. Let G(Q) + = G(Q) n 
G(R)+. Write v : G -» C for the quotient of G by G der . Let G(R) 1 ' = v(Z(R)), and C(Q)t = 
G(Q) H G(K)t. Write p : G sc — > Gdor /or the usual covering of Gder by G sc . For K a compact open 
subgroup o/G(A/), Ze£ X dor = Gdor (A/) fl if, anrf Zei K sc be the preimage of K in G sc (Af). Let 
T K = G(Q)+ n K, let Tf r = G dor (Q)+ n K, let rg = Jf sc n G SC (Q)+, and write Ff for the image 
ofT K mG ad {Q). 

In this section we avoid certain awkward tori for simplicity, preferring the following kind: 

Definition 17. A torus T over Q is QR-equitropic if the largest Q-anisotropic torus in T is R- 
anisotropic. 

Here are some basic facts about QR-equitropic tori. 

Proposition 5. If T is a QR-equitropic torus then T(Q) is discrete in T(Af). If G is a reductive 
group, and the connected component Z° of the center of G is QR-equitropic, then its derived quotient 
C is also QR-equitropic. 

Proof. The first statement follows from Theorem 5.26 of [27]. The second is straightforward. □ 

In |35j . Serre introduces an Euler characteristic Xaig(r) G Q applicable to any group T with a 
finite index subgroup Tq which is torsion-free and has finite cohomological dimension. In particular, 
it applies to our congruence subgroups T = Tk- Here are some simple properties of Xaig: 

• For an exact sequence of the form 

with A, B and G groups as above, we have Xaig(-B) = Xaig(^4) ■ Xaig(G). 

• If F is a finite group, then Xaig(F) = | r | 1 . 

The theorem of this section relates Xk(G) to Xalg(rg). More precisely : 

Theorem 2. Let G be a reductive group over Q. Assume that G sc has no compact factors, and that 
the connected component Z° of the center of G is QR-equitropic. Let Kq C G(Af) be a compact 
open subgroup. Then xk (G) is equal to 



Here p(Q) denotes the map p(Q) : G SC (Q) — > G(Q) on Q-points. The assumption on the absence 
of compact factors is needed for strong approximation, and is discussed in |27j . 

When G sc is a Chevalley group, and r^ Q = G SC (Z), this reduces the problem to the calculation 
of Harder [H] : 

Proposition 6. Let G be a simply connected, semisimple Chevalley group over Z. Write mi, . . . , m r 
for the exponents of its Weyl group £1, and put V = G(Z). We have 



|kcr(p(Q))|[G der (A / ) : G der (Q)+ Kf] [T%» : G dcr (Q)+ n p(K?)] ■ [C(A f ) : C(Q)^(K )} 

[G(R) : G(R) + ]\u(Kq) n G(Q)t| 




Here B n denotes the nth Bernoulli number. Recall that fin is the real Weyl group of G. 
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6.2. Shimura Varieties. To prove Theorem (5J we will use some basic Shimura variety theory, 
which may be found in [TT] or [27]. Much of the theory holds only for K sufficiently small. For 
simplicity, we will say a K is small" rather than "if is a sufficiently small finite index subgroup of 
K ». 

For convenience, we gather here many simplifying properties of small K , which we will often use 
without comment. For the rest of this section assume that Z(G)° is QR-equitropic, and that G sc 
has no compact factors. 

Proposition 7. Let K be small. Then 

i) KnZ{Q) = {l}. 

ii) v(K)nC(Q) = {l}. 

iii) G(Q)nXG der (A / ) C G dor (Q). 

iv) G dcr (A f ) n G(Q)K = G dor (Q)if dcr . 

v) K n G der (Q) C p(G s 

vi) K n G(Q) C 



Proof. The first two items follow because Z°, and thus G, are QM-equitropic. Item [3] follows from 
Corollaire 2.0.12 in 11', and the next item is a corollary. Items [5] and [5] follow from Corollaire 2.0.5 
and 2.0.14 in [11], respectively. □ 

Recall that we have chosen a maximal compact subgroup ifg of G(K). 

Definition 18. Let 

X = G(R)/K+Z(R), 



X = G(R)/K K Z(R), 

and 

Sk = G(Q)\X x G(A f )/K 

be the double coset space obtained through the action q(x,g)k — (qx,qgk) of q G G(Q) and k € K. 
Similarly, let 

S K = G(Q)\X xG(A f )/K, 

with the action o/G(Q) x K defined in the same way. 

The component group of Sk is finite and given (see 2.1.3 in [11] ] by 

(6.1) Tro(Sif) = G(A f )/G(Q)+K. 

There is some variation in the literature regarding the use of X versus X. Deligne and Milne 
implicitly use X in [TT] and [37] (in light of Proposition 1.2.7 in [TT]). Harder uses X in [J3]. Arthur 
uses 

in [3]. (Recall that = Aq(M.) + Kr.) Since for us Z° is QM-cquitropic, we have 

= Z(R)K R , 

and so this quotient is equal to X. 

Since we would like to combine results stated in terms of X with others stated in terms of X, 
we must understand the precise relationship between the two. This is the purpose of Proposition [5] 
below. 

Definition 19. Let G be a real group, and Z its center. Write 

(6.2) ad : G(R) -> G(R)/Z(R) 
for the quotient map. 

Note that ad(G(K)) has finite index in G ad (M). 
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Lemma 1. For this lemma, let G be a Zariski- connected reductive real group, and a maximal 
compact subgroup o/G(R). Let Lr be a maximal compact subgroup o/G a d(R) containing ad(K-g). 
Then the following hold: 

i) JsTr meets all the connected components o/G(R). 

ii) K m nG{R)+ =K£. 

iii) ad(K^) is a maximal compact subgroup o/ad(G(M)). 

iv) ad(K^) = LjJ. 

v) K R Z(R) n G(R)+ = K+Z(R). 

Proof. The first two statements follow from the Cartan decomposition (Corollary 4.5 in [33 ). 

For the third statement, suppose that G is a subgroup of G(K) with ad(-Kjs) C ad(G) and ad(G) 
compact. If a,d(Kg) ^ ad(G), then there is an element a € CZ{R) — LTrZ(R). By the Cartan 
decomposition, we may assume that a = exp(iJ), with H a semisimple element of Lie(G), and a(H) 
real and nonnegative for every root a of G. Since a ^ Z(R), we have a(H) > for some root a. 
Thus ad(G) is not compact, a contradiction. Thus &d{K-g) = ad(G), and statement [3] follows. 

For the fourth statement, note that Lr n ad(G) = &d(Ks.), and so Lr/ &d(Km.) injects into 
G a( j(R)/ ad(G(R)). It follows that &d(K^) has finite index in Lr. Since it is connected, statement 
E] follows. 

For the fifth statement, let g £ K R Z(R) n G(R)+. Then ad(.g) € Lr n G a d(R) + , so by statement 
[2j we see ad(g) e L^ = ad(K^). Thus g S LTg Z(R). The other inclusion is obvious. □ 

Proposition 8. i) The natural projection px ■ X — > X has fibres of order [G(K) : G(K) + ]. 

ii) Let X + be a connected component of X . It is stabilized by G(R)+, and the restriction of px 
to X + is a G(R)+ -isomorphism onto X. 

iii) Let K be small. Then the natural projection ps '■ Sr — > Sk has fibres of order [G(R) : 
G(R)+]. 

Proof. Consider the natural map 

(6.3) K R Z{R)/K+Z(R) -> G(R)/G(R) + . 

It is surjective because K R meets every connected component of G(R). It is injective because 
K R Z(R) n G(R)+ C K^Z(R). It follows that ((Ol) is an isomorphism, and the first statement 
follows. 

We now prove the second statement. Note that px is both an open and closed map so that 
px{X + ) is a component of X. Since Kr meets every connected component of G(R), the set X is 
connected. Therefore px(X + ) = X. By Proposition 5.7 of [27], there are [G(R) : G(R)+] connected 
components of X, each stabilized by G(R) + . Thus the fibre over a point in X is comprised of exactly 
one point from each component of X. So px restricted to X + is an isomorphism; it is clear that it 
respects the G(R)+-action. 

To prove the third statement, we require K to be sufficiently small, in the following way. Suppose 
LT* is an open compact subgroup of G(A/) satisfying K„ n G(Q) C G(Q) + . Let gi,...,g r be 
representatives of the finite quotient group G(Q)LT*\G(A/). Then we require that 

r 

(6.4) Lfcfjg- 1 ^. 

i=l 

Now for x £ X, let Fib(x) be the fibre of px containing x. If we further fix g e G(A/), let 
Fih(x,g) be the fibre of ps containing (x,g). (Here we understand (x,g) as an element of Sk-) We 
claim that for all such x and g, the map 

(6.5) Fib(z) ->• Fib(x,5) 

given by x' i— > (x',g) is a bijection. This will imply the third statement. 

For surjectivity of (|6.5p . pick (x',g') £ Fib(x,g). Then there are q £ G(Q) and k e G(A/) so that 
qpx(x') — px(x) and qg'k — g. Let x" — qx' . Then x" £ Fib(x) and (x",g) — (x',g'). 
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For injectivity of (|6.5I) . suppose that (x\,g) = (x 2 ,g) in Sk with X\,X2 G Fib(x). Then in 
particular, there is an element g G G(Q) and k G K so that gg/c = g and grri = xi- Write g = go&o<?i 
with go G G(Q) and ko G if*. Then we have 

q{qokogi)k = q k gi, 

which we rewrite as 

?o~ 1 3'9o = kogik^g^ko 1 . 

Using this and fl6l} we see that g^ggo G G(Q) n if* C G(Q)+. Since G(Q) + is normal in G(Q), in 
fact g G G(Q) + . 

Meanwhile, pick ^1,^2 G G(K) representing xi and X2, respectively. Since x\,x 2 G Fib(x) we 
have £1 £2 G K&Z(R). Write £2 = £ikz, with k G i^R and z G Z(R). Since gxi = £2, we have 
^2 _1< ?^i ^ an< i therefore g£i G if^Z(IR). Using the fact that q is in the normal 

subgroup G(R)+ of G(R), it follows that fc G G(M)+ PI if r C K+Z(R). Thus x x = ac 2) as desired. 

□ 

We will need the following two known results: 
Proposition 9. (Harder, see [2], If G is semisimple and K is small, then Xtop(^K\X) = 

XalgCT/f). 

Proposition 10. (See [3], [12],) If K is small, then xk(G) = Xtap(Si()- 

6.3. Computations. The next three lemmas will allow us to convert our computation for Kq to a 
computation for K . 

Lemma 2. If K is small, then 

\C{Qtf\C{k f )/v(K)\ = MKo) : v{K)]\u(K ) n G(Q)t|- 1 |G(Q)t\G(A / )/^(if )|. 

Proof. This follows from the exactness of the sequence 

1 -> !/(#„) n C(Q)t -> 4^ -> G(Q)t\G(A / )/^(^) -> G(Q)t\G(A / )/^(X ) -> 1. 



□ 



Lemma 3. If K C Kq is small, then 



[T Ko :p(T^ o )][K :K] 



(R R\ [pad . padl _ 

In the proof we refer to conditions of Proposition [7] 
Proof. Consider the map 

T^dcr /-pdcr . j^ad /j^ad 
L K I L K ~^ L K / L K- 

The kernel of this map sits in the middle of the exact sequence 

1 -► rf o r n z(Q) -> (r K z(Q) n r^)/rf r (r K z(Q) n rf o r ) /r der (r*- n z( 

using condition Q] This last quotient is trivial, because actually Tk — T^f r by condition [3] 
We have established the exactness of the sequence 

1 -> r£ n z(Q) -+ r^'/rr -> r^/rg 1 -+ r Ko z(Q)/rf o r z(Q) 1. 

The last quotient is isomorphic to 

r Ko /(z(<q>) n K )rj% , 

which itself sits inside the exact sequence 

1 if n z(Q) /r£ r n z(Q) r Ko Al? r r Ka /(z(Q) n if )rf o r 1. 
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The quantity |r^ o r n Z(Q)\ cancels, and it follows that 

[pder . "pderl rp . pdcrl 
fa 7 n r r ad . F adi _ I 1 Kg • 1 K \ ' l L K ■ 1 Ko \ 

{bJ) LAjto^kJ- \K nz(®)\ • 

By condition [5] we have 

i p(Fk )/p(Fk) -> r^/rr r£/p(rs o ) 1. 

Strong approximation tells us that G SC (Q) is dense in G sc (Af). Therefore we have isomorphisms 

p(^k )/p^k) ^ r-/r- ^ Kq c /k sc ^ p(k° c )/ p (k™). 

Combining this with the exact sequences 

1 -> K$ a /K* sc -> #o/A" -> v{K )/v{K) -> 1 

and 

(6.8) 1 -> P (K s c )/p(K sc ) -> K^/K*" -> iff 1 /K AeT p{Kl c ) -> 1, 

we obtain 

fri cr : pfr 8 ,? )1 [A : #1 

ppdcr . -pdorl L ftp n Ap/JL " J 

L JCo • Jf J - [^dcr . tfder^sc)]^) . ' 

Plugging this into (|6.7p gives the lemma. □ 
Corollary 1. Suppose that K C Ao is small, and g € G(Af) with gKg^ 1 C Ao afeo small. Then 

Ft ■ r^-x] = [r^ d : r^ d ]. 

Proof. We show that the expression (|6.6[) does not change when if is replaced with gKg -1 . Clearly 
z,(iT) = v (gKg- v ). Since 

A : A = — : — — , 

vol dg/ (A) 

we have [A : gKg^ 1 } = [A : A]. Finally, we claim that 

[Kf ■ (gKg-^piK?)] = [Kt : K d ^p(K^)]. 

From the exact sequence (|6.8I) . it is enough to show that [Ag or : (gKg^ 1 ) dc ' c ] = [Kq ci : A dcr ] and 
\p(Kff) : pdgKg- 1 )^)} = [p(K^ c ) : p{K sc )}. These hold because (gKg- 1 )^ 1 = gK^g- 1 and 
p((gKg- 1 r)=gp(K sc )g- 1 . □ 

Lemma 4. If G is semisimple and A is small, then 

\MSk)\ = [K : Kp{Kl c )][T Ko : G(Q)+ n p(K?)]\MSk )\. 
Proof. The kernel of the projection t:q(Sk) -» 7To(>!5a"o) is isomorphic to 

A /(AG(Q)+ n A ) . 

By Section 2.1.3 in [TT], we have p(G sc (Af)) C AG(Q)+. Using the exact sequence 

1 -> (K n AG(Q)+) /Kp(K?) -> A /Kp(K s c ) -> A /(AG(Q)+ n A ) -> 1, 
we are reduced to computing the order of 

(a n ag(Q)+) /a>(a-) ^> r* /(a p (a-) n G(Q)+) . 

This group sits in the sequence 

1 -> (G(Q)+nA>(A- c )) /(G(Q) + n P (A-)) -> r* /(G(Q)+ n p(A-)) -> IV /{Kp{Kf) n G(Q)+) -> 1. 

We claim the kernel is trivial. Note that A/?(A~q c ) C Kp(G sc (Q)K sc ) by strong approximation. 

So 

n A>(A^ C ) C G(Q)+ n Ap(G sc (Q)) 

= G(Q) + n(AnG(Q))p(G sc (Q)). 
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Since KC\G(Q) C p(G sc (Q)) by condition [5] of Proposition ® we have G(Q)+ nif/)(ifg c ) C G(Q)+ n 
p(Xg c ). This proves the claim, and the lemma follows. 

□ 

In the course of proving the theorem, we will pass to the adjoint group to apply Harder's theorem 
(Proposition [9J , but lift to G sc to apply Harder's calculation (Proposition [6} . We must record the 
difference between Serre's Euler characteristic at G a d and G sc - 

Lemma 5. We have 



fr adx \ker(p(Q))\\K nZU, ; 

Xalg I Ko ) jpde, . p ^ }] [Tko . p^ r] Xalg K J- 

Proof. This follows from the properties of Xalg mentioned earlier. □ 
6.4. Proof of Theorem [H 



Proof. Pick a set g\, . . . ,g r of representatives of 7ro(Sf(- ), viewed as a quotient of G(A/) as in (|6.1I) . 

Let if be small subgroup of finite index in Kq. Possibly by intersecting finitely many conjugates 
of K, we may assume 

• K is normal in Kq 

• giKg~ l is a small subgroup of Kq for all i. 

By Proposition®}! xk(G) = Xto P (5V). By Proposition® this is equal to [G(R) : G(K) + ]- 1 xto P (S , K). 
Write r g for _ x . By 2.1.2 of [TT] . the components of Sk are each isomorphic to r s \X + , where 
X + is a component of X. Here g runs over ttq(Sk)- 

By Proposition® the topological spaces T g \X + and r g \A are isomorphic. Therefore we have 

xto P (r 9 \* + ) = xt op (r g \x). 

Applying Proposition® to G a d, this is equal to Xaig(r 9 ). Therefore 

Xk(G) — [G(M) : G(M) + ] _1 £ Xalg (r 9 ). 

g^o(S K ) 

Every element in itq(Sk) may be written as the product of an element of tto(Sk ) with an element 
of Kq. Since K is normal in Kq, the groups T g k and T g are equal for fco G Ko- It follows that 

XK{G) = [G(M) : GTOM^JI |J Xals(r9<) - 
By Corollary® we have 

Xai g (r 9l ) = [r^ : r^.^-ijxaig^j 
= : r#] Xalg (r£ ). 

This gives 

X k(G) = [G(R) : G(M) + ]- 1 [r^ d : r£] \MSk)\ Xaig(r^ ). 
The component group ^(Sif) fits into the exact sequence 

1 -> G der (A / )/(G der (A / ) n G(Q)+K) -> 7r (S K ) -> C(Q)^\C(A f )/v(K) -> 1 

This gives 

Xjc(G) = [G(M) : G(R) + ]-Vo(^ r )||G(Q)t\G(A / )/K^)|[r? f d : ^ K d } x ^(Tf Q ). 

where here tt (S k ^) = G dcr (A / )/G dor (Q)+K dcr . 

Using xk q {G) = [Kq : K]~ 1 xk{G) together with Lemma® gives 

fn = Mg^OHgo) ; K^)]|G(Q)t\G(A / )^(^ )|[P| f d o : r£] 

' [G(M) : G(R)+]K^o) n C(Q)t|[Jf : if] Xalgl A '° j ' 

By Lemmas ® and [5l 
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|ker(p(Q))||^o(^ d e r )||C(Q)t\C(A / )/K^o)| (sc) 
XKo[ ' [G(JR) :G(R) + }\l'(Ko)nC(Q)^[K^ :K d ^p{K s a c )} Xale[ Ko) ' 
The theorem then follows from Lemma 2] 

□ 

6.5. Examples. We now use Theorem [5] and Proposition [5] to explicitly compute some cases of 
Xk {G) ■ Recall that we write O t for the integer points of Af . 

Corollary 2. If T is a torus and Kq C T(Af) is a compact open subgroup, then 

X k (T) = \T(Q)\T(A f )/K \ ■ \K n T(Q)\-\ 

• Let T = G m , and Kq = T(O f ). Then xk (T) = \. 

• Let T be the norm-one subgroup of an imaginary quadratic extension E of Q. Let Kq — T(Of). 
Write 0{E) for the integer points of the adeles Ae over E. Then T(Q)\T(Af)/Ko injects into 
E X \A E j/0(E) x , which is in bijection with the class group. If the class number of E is trivial, it 
follows that xk {T) = ir(Z)!- 1 . 

Corollary 3. If G is semisimple and simply connected, then 

Xk (G) = [G(R) : GW+rVigOVo). 

• Let G — SL 2 and K = G{O f ). Then 

X*o(G)=Xai g (SL 2 (Z)) 

= - l -B 2 

2 2 

= -2~ 2 3 _1 . 

• Let G — Sp 4 and K = G{O s ). Then 

XKo(G) = Xalg(Sp 4 (Z)) 

= — B?Ba 
8 

= -2" 5 3" 2 5" 1 . 

When the derived group is simply connected the calculation is not much harder. 
Corollary 4. If Gdcr is simply connected, then 



\C(Q)l\C(A f )/v(K )\ 



Xk (G) [G(M) : G{R)+]\v(K ) n G(Q)t| Xals ^^' 

• Let G — GL 2 and K = G(O f ). Then X k„{G) = ±Xai g (SL 2 (Z)) = -2- 3 3- x . 

• Let G = GSp 4 and K = G{O f ). Then X K a (G) = ± X ai g (Sp 4 (Z)) = -2- B 3- 2 5- x 

Lemma 6. // all the points of kei p are Q-rational, then [r^? o r : Gdcr(Q)+ H p(Kq c )] = 1. 
Proof. By Section 2.0.3 of pj], we have an injection 

G dcr (Q)/p(G sc (Q)) ^ H l (im(G<d{Q/®)), (kerp)(Q)), 
using the cohomology group defined in that paper. We also have an injection 

r|° r /(Gdcr(Q)+ n p(K* c )) G dcr (Q)/p(G sc (Q)). 
Since all the points of ker p are Q-rational, all these groups are trivial. □ 

• Let G = PGL 2 and Kq = G(Of). The only nontrivial factors in the formula are [G(M) : 
G(R)+] = 2, |kerp(Q)| = 2, and X ai g (SL 2 (Z)) - -2- 2 3- J . Thus X k (G) = -2- 2 'S-\ 
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7. The Case of SL 2 

In this section we work out the example of SL2. Let G = SL2, defined over Q. Let A be the 
subgroup of diagonal matrices in G, and let T be the maximal elliptic torus of G given by matrices 



(7-1) la,b = 



a —b 
b a 



with a 2 + b 2 = 1. 

The characters and cocharacters of T are both isomorphic to Z. We identify Z X*(T) via 
n 1 y Xn, where Xn{la.b) = (a + bi) n . We specify Z —> X*(T) by identifying n with the cocharacter 

taking a to f ^ ^ x ^ . The roots of T in G are then {±2}, and the coroots of T in G are {±1}. 

The Weyl group of these systems has order 2 and the compact Weyl group Or is trivial. Thus 
each L-packet of discrete series has order 2. The dual group to G is G = PGL2(C) in the usual way. 
Pick an element £ € G(C) so that 



Ad(0 



a —b \ { a + ib 

b a I \ a — ib 



and put 2?t = Ad(£ 1 )i? J 4- Then By is a Borel subgroup of G(C) containing T 

1 

1 



Consider the Langlands parameter ip G : W-r — > G given by </?g( t ) = ( ? n ) x 1, an d 



(p G {z) = ( Z Q _°„ \ x z = z^z" x z, 

where \i corresponds to n € X*(T) — > X*(T) and j/ corresponds to —n. The corresponding repre- 
sentation E of G(C) has highest weight Xb = n — 1 G X*(T). It is the (n — l)-th symmetric power 
representation. Its central character is \q{z) — z n ~ l , where z = ±1. 

We put = Tr(<PG, Bt), in the notation from Section l2~2l Write 7r G for the other discrete series 
representation in He ■ Thus the L-packet determined by ip G is 

ILe = {n G , n' G }. 

We will put foodgoa — e WG as in Section [2.41 



7.1. Main Term. First we consider the terms ST g (fdg,±l). 
We have S$ G (1, e ffG ) = — mT(G; dg^) -1 , and so 

ST g (fdg,±l,G) = (±l) n nv(G;dg 00 )- 1 r(±l). 



We have e TG ) = — u(G; d^oo) 1 , and so 



1 



ST g (fdg,±l,A) = (±l)"-U(G;d 5oo )- i /r(±l)- 

If 7 is a regular semisimple element of G(C) with eigenvalues a, a -1 , then according to the Weyl 
character formula, 



Define 



a 

tr( T ,E) = — 



'.'") = tv( ( * °. ):£ 



where z is a fourth root of unity. Then ti{n) = if n is even, and ti{n) = ( — 1) 2 if n is odd. 
Similarly, define 

* 3 (n)=tr(Y J c ° 2 );25 
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where £ is a third root of unity. Then i 3 (n) = [0, 1, — 1; 3]„, meaning that 

t 3 (n) -- 




n-l 



Here the congruence is modulo 3. 

There are three stable conjugacy classes of elliptic 7 £ G(Q), which we represent by 

73=(" 1 1 " 1 ).74=(; "q 1 ), and 76 =( J 

Note that -74 ~ 74, ll = 73, and -73 ~ 76 . 
Write T3 for the elliptic torus consisting of elements 

a a — b 
b — a b 

with a 2 — ab + b 2 = 1 . 

We have S&g (73 > e-K G ) — "^(^3) "^M: an d so 

ST g (fdg :l3l G) = -v{T 3 )- x S0 13 {rdg f )h{n) 

We have 5'$g(74, ^g) = ~ : "(^ 1 ) _li 4( n )> an d so 

ST s (/d 5 , 74 ,G) = -^(T)- 1 50 74 (/ 00 %)t4(n). 

Finally S$ G ( 76 ,e WG ) = -w(T 3 )t 3 (n)(-l)"-\ and so 

ST g (fdg, l6 ,G) = -zJ(T 3 )- 1 50_ 73 (/ 00 d 5/ )i3W(-l) 

Thus, STg(fdg) is equal to the sum of the following terms: 

-r ^ iJ(G; C ^.g 00 )- 1 / 00 (l)+n^7(G;d 5oo )- 1 / 00 (-l)(-l) ,l 

-^;da 00 )- 1 /l (l) + ^daoo)- 1 /! (-!)(-!)" 
-tJ(T 3 )- 1 50 73 (/ 00 d ff/ )t 3 (n) -V(T)- 1 S0 7t {f°°dg f Mn) +TJ(r 3 )" 1 ^0- 7 3(/ oo %)^H(-ir. 
7.2. Endoscopic Terms. 

Definition 20. Let E be an imaginary quadratic extension of Q. Write He for the kernel of the 
norm map ResQ G m — > & m . 

The He comprise the (proper) elliptic endoscopic groups for G = SL2. For each H = He one 
finds t{H) = 2 and | Out(H,s,rj)\ = 1 (see [16], Section 7). Therefore l(G,H) = \. 

Write / ff <i/i = f°° H dh f e^ G , where f°° H dh f is the transfer of /°°<%. Choose d/i^ so that 
dhfdhoo is the Tamagawa measure on H. Then we obtain 

ST g {f H dh) = 2v(H; dh x ) Y, r' H ilH) Tr^( 7 ^), 

the sum being taken over 7 # e H(Q). 

Remark: Consider the local transfer, where f p dg p is a spherical (invariant under G(Z p )) measure 
on G(Qp). Then if iJ ramifies over p, a representation 7r p in one of the L-packets transferring from 
H will also be ramified. This means that tr ir p (f p dg p ) = 0. So we take f^ — in this case. Thus 
lC(fdg) = STg(fdg); there is no (proper) endoscopic contribution. This is compatible with the fact 
that m<jisc is constant on L-packets in this case. 
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7.3. Case of T = SL 2 (Z). We take K f = K to be the integral points of G(A f ). Also let K A = 
Kq n A(Af) and Kt — K C\ T(Af). Each of these breaks into a product of local groups K 0yP , etc. 

We put f^dgf = e Ko . Note that f°°(g) = f°°(-g) for all g € G(A f ) and f%>(a) = /^°(-a) for 
all a € A(Af). Therefore, if n is even, then ST g (fdg) — 0. So assume henceforth that n is odd. 
Then our expression is equal to: 

-2nzJ(G;d 5oo )- 1 / °(l)-^;da 00 )- 1 /r (l)-2zJ(T 3 )- 1 50 7 3(/ 0O d< ?/ )t 3 (n)+T7(r)- 1 50 74 (/ 0O %)(-l)^. 
We have 

-2nTJ(G;dg 00 )- 1 / 00 (l) = -2nv(G; dg^)' 1 vol dgf (Ko)- 1 

= -2nr(G)' 1 d(G)- 1 X K (G) 
n 

= 12' 

= -T{A)- l d{Ay 1 XKA (A) 
1 

~ ~2" 

Now we consider S0 li (f° c dgf, dtf). We have 1 — 0(74) = 2 for the positive root a of G. Therefore 
by Proposition [1] the local orbital integrals are equal to vohit (^T. 2 ) _1 for p ^ 2. At p = 2, one has 

1 



two stable conjugacy classes 74 and 74 in the conjugacy class of 74, where 74 
It follows that 



■1 



SO^rdgj-dtf) = (0 74 ( e K 2 ;* 2 )+0 7i (eA- 2 ;^ 2 ))n vol ^( T Wp) n ^p)~ 1 - 

To compute the local integral at p = 2, we reduce to a GL2-computation by the following lemma. 
Its proof is straightforward. 

Lemma 7. Let F be a p-adic local field with ring of integers O. Put G — SL 2 , G = GL 2 , and 
Z for the center of G. Pick Haar measures dg on G{F), dg on G(F), and dz on Z(F). Let 
f eC c (Z{F)\G{F)). Then 

V °] d f^ n \l I /(5)|=vol dfl (G(O))- 1 |0x/0x 2 |- 1 X: / f{t a g)dg. 

vol d § (G(O)) Jz(F)\G(F) dz ^Jg(f) 

Here a runs over the square classes in F x , and t a — ( ^ ^ 

Proposition 11. We have 

0- 1l {e K2 ,dt 2 ) + 0~ l ' i {e K2 ;dt 2 ) = 2vol dt2 (K T , 2 )~ 1 . 

Proof. Write f 2 for the characteristic function of GL 2 (Z 2 )Z(Q 2 ). By the lemma, 

/ Mg-'ng)^- =voU 2 (K T , 2 )|Z 2 x /Z 2 x2 r 1 ^O Ad(tQ)(74) (eK ;di 2 ). 

•/z(Q 2 )\GL 2 (Q 2 ) az ~ 

Here we are normalizing dg and dz so that vol dz (Z (Z 2 )) = vol(2g(GL 2 (Z 2 )) = 1. 
In fact, Ad(£ Q )(74) is conjugate in G(Q 2 ) to 74 if and only if a is a norm from Q 2 (v / — 1), and in 
the contrary case, it is conjugate to 74. It follows that 

f d~ 

/ f2{g~ 1 ng)- r = (0 li {e K2 \dt 2 ) + 0^(e K2 ;dt 2 )) vo\ dt2 (K T ,2)- 

J z(Q 2 )\gl 2 (q 2 ) az 

By an elliptic orbital integral computation in [20], the left hand side is equal to 2. 

□ 
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We conclude that 

50 74 (/ 00 d< ?/ ;<%) = 2vo\ dtf (T(A f )nK a )-\ 

and so 

-viTy^O^irdg^Uin) = -2v(T)~ 1 voLj t/ (T(A/) n ^o)"H 4 (n) 

= -2r(T)- 1 X K T (T)t 4 N 
= 2- 2 (-l)^. 

Similarly, we find that 

SO l3 (f°°dg f ) = 2vol dt3i/ (T 3 (A / ) n ifo)" 1 , 

and so 

-2TJ(r 3 )- 1 50 73 (/ 00 d ff/ )t3(n) = -3-^3^). 
We conclude that in this case, 

ST g (fdg) = ^-\ + - \u(n)- 

Note that for n > 1 this agrees precisely with the discrete series multiplicities. For n = 1, this 
expression is equal to — f , but of course in this case 7r is not regular. 

8. Real Tori 

We have finished our discussion of SL 2 . Starting with this section, we begin to work out the 
example of GSp 4 . Various isomorphisms of tori must be written carefully, so we begin by explicitly 
working out their parametrizations. 

8.1. The Real Tori G TO , 5, and T\. We identify the group of characters of G TO with Z in the 
usual way, via (a i->- a n ) o n. 

Let Ao = G TO x G m , viewed as a maximal torus in GL 2 in the usual way. Via the above 
identification we obtain X*(A ) = Z 2 and X*(A ) = Z 2 . 

Let 5 = Res^G m . Recall that Res^Gm denotes the algebraic group over R whose „4-points 
are (A <S> C) x for an R-algebra A. By choosing the basis of C over R, we have an injection 

(A x C) x -> GL(A ® C) = GL 2 (_4). Thus we have an embedding i s : 5 -> GL 2 as an elliptic 
maximal torus. 

There is a ring isomorphism ^:C®C4CxCso that f(z\ ® z 2 ) = {z\z<i, Z1Z2), which restricts 
to an isomorphism ip : 5(C) ^ G m (C) x G m (C). This isomorphism is also actualized by conjugation 
within GL 2 (C). Fix x e GL 2 (C) so that 

. x / a — b \ f a + ib \ 

then Ad(x) : 5(C) — > Ao(C) is identical to ip, viewing these two tori under the embeddings above. 

We fix the isomorphism from Z 2 to X*(S) which sends (1,0) (resp. (0,1)) to the character ip 
composed with projection to the first (resp. second) component of G 

m x G m . Similarly we fix the 

isomorphism from Z 2 to X*(5) which sends (1,0) (resp. (0,1)) to the cocharacter a i-> <fi~ 1 (a,l) 
(resp. a i-> i£ _1 (l, a)). 

Write 5 for the Langlands dual torus to 5. It is isomorphic to C x x C x as a group, with r R -action 
defined by a(a, (5) — ((3, a). We fix the isomorphism X*(S) —> X*(S) given by 

(a, b) ^(z^ {z a ,z b )). 

We have an inclusion ls ■ G m — > 5 given on ,4-points by a <— > a® 1. Write as for the automorphism 
of 5 given by 1 (g> <r on .4-points. Note that the fixed point set of as is precisely the image of is- 

Write Nm : 5 — > G m for the norm map given by s i-> s • as(s). Note that the product s • as(s) 
is in is(G TO ), which we identify here with G TO . One computes that the norm map induces the map 
n 1 y {n,n) from X*(G m ) to X*(S) with the above identifications. 
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Write Ti for the kernel of this norm map. Its group of characters fits into the exact sequence 

-> X*(G m ) -> X*(5) -> X*(T X ) -> 0. 

We identify X*(T{) with Z in such a way so that the restriction map X*(S) — > X*(Ti) is given by 
(a, b) i->- a — b. The corresponding map 5 — > T is given by (a, /?) i— > a/3 -1 . 

8.2. The Kernel and Cokernel Tori. 

Definition 21. FFe define A kcr to be the kernel of the map from G m 4 — > G m given &?/ (a, 6, c, d) i-> 
— . We define yl cok to fee ffce cokernel of the map from G m to G m 4 given by x >->• (a;, a;, a; -1 , a; -1 ). 
FKrite T kcr /or i/ie kernel of the map 

5 x 5 ^ G m 

given by 

(a,/?)^Nm(a//3), 

and T cok for the cokernel of the map 

G m -)• 5 x 5 

given &w 

a; i ^ (ts(ar), ts^ 1 )). 
Identifying X t (G m ) and X*(G m ) with Z as before, we obtain exact sequences 

-> X*(A ker ) -> Z 4 -> Z -> 0, 

-s- Z -> Z 4 -> X*(A kcr ) -> 0, 

0^Z^Z 4 ^X st (A cok )^0, 

-> X*(^ cok ) -> Z 4 -> Z -> 0. 
Here the maps from Z — > Z 4 are both n i->- (n, n, — n, — n), and the maps from Z 4 — > Z are both 

(ni, Tl2, «3> "4) l-> "1 + «2 — n 3 — "4- 

Thus we obtain isomorphisms 

3kc : ^*(^4kor) -> X*(Ax>k) 

and 

5ck : X*(A co ] i ) — > X*(Ak er ), 

obtained from the exact sequences defining j4 kor and A cok . In this way we view A cok (C) and A ker (C) 
as the dual tori A ker and A cok , respectively. 

The isomorphism ipxip : 5(C) x 5(C) ^> (C x ) 4 gives isomorphisms $ ker : T kcr (C) ^ kcr (C) and 
$cok : T cok (C) 4 A cok (C). 

Consider the map from 5 x 5 to 5 x 5 given by (a, 6) i->- (ab, 00-5(6)). This fits together with the 
previous maps to form an exact sequence 

1 ^ G m -^SxS^SxS^ G m -> 1, 

and yields an isomorphism *t : Tcok — > Tkcr- 

Consider the map from G m 4 to G m 4 given by (a, 6, c, d) i-> (ac, 6d, ad, 6c). This fit together with 
the previous maps to form an exact sequence 

I — > G TO — > G m 4 — > G m 4 — > G m — > I 

and yields an isomorphism ■ ^4-cok ~> ^kcr- On C-points we have 

(8.1) $kcr o * T (C) = * A (C) o $ cok . 
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9. Structure of GSp 4 (F) 
9.1. The General Symplectic Group. Let F be a field of characteristic 0. Put 

( 1 \ 



J = 



-1 

1 

V - 1 J 

Take G to be the algebraic group GSp 4 = {g € GL4 | gJg f = /!</, some fi = [J>(g)}. It is closely 
related to the group G' — Sp 4 = {g G GSp 4 | /j,(g) = 1}. Write A for the subgroup of diagonal 
matrices in G, and Z for the subgroup of scalar matrices in G. 

We fix the isomorphism la ■ A kcr — > A given by 

/ a \ 

(9.1) (a, 6, c, d) i-» 

V b J 

Let be the Borel subgroup of upper triangular matrices in G. 

9.2. Root Data. Although A and A kcl are isomorphic tori, we prefer to parametrize their character 
and cocharacter groups differently, since the isomorphism la permutes the order of the components. 

So we express X*(A) = Hom(A,G m ) as the cokernel of the map 

(9.2) i:Z^Z 4 , 

given by i(n) = (n, —n, —n, n). 

Write ei, . . . , e4 for the images in X*(A) of (1, 0, 0, 0), ... , (0, 0, 0, 1). Thus e\ +e 4 = e 2 + e 3 . The 
basis Aq of simple roots corresponding to Ba is {ei — e2, e 2 — e 3 }. The corresponding positive roots 
are {ei — e2, ei — e 4 , e 2 — e 3 , ei — 63}. The half-sum of the positive roots is then pb = \{^e\ — e 2 — 3e 3 ) e 
X*(A). 

Definition 22. Write ft for the Weyl group of A in G. Write w ,wi, and w 2 for the elements of 
f2 which conjugate diag(a, b, c, d) e A to 

diag(d, c, 6, a), diag(a, c, b, d), and diag(6, a, d, c), 

respectively. 

Q has order 8 and is generated by w ,wi, and w 2 . 
Express X* (A) as the kernel of the map 

(9.3) p : Z 4 Z, 

given by p(a, b,c,d) = a — b — c + d. 

Let tfi = (1,0,0,-1) and i? 2 = (0,1,-1,0) G Then the coroots of A in G are given by 

i? v = R V (A, G) = {±t?!±i? 2 , ±i?i, ±i?2>- The basis of simple coroots dual to A G is {i?i-i? 2l ^2}- 
Then (X* (A) , A G , X* (A) , ) is a based root datum for G. 

9.3. The Dual Group G. We will take G to be GSp 4 (C), with trivial L-action, and the same 
based root data as already discussed for G. The isomorphism 

(9.4) X*(A) H r X*(A kci ) ( *4 r X*(A cok ) n X*(A kcr ) X*(A) 

(and its inverse) furnish the required isomorphism of based root data. Let us write this out more 
explicitly. Note that (la)* and (la)* are given by: 

(L A )*(a,b,c,d) = (a,c,d,b) 

and 

(L A )*(a,b,c,d) = (a,d,b,c). 
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The isomorphism in (|9.4[) is induced from the linear transformation £ : Z 4 — > Z 4 represented by 
the matrix 

/ 1 1 \ 

10 10 

10 1 ' 
\ 1 1 / 

which gives the exact sequence 

o z 4 z 4 4 z 4 4 z o, 

and thus an isomorphism 

(9.5) r(i)4l,(A). 

(This agrees with the isomorphism used in Section 2.3 in 32 .) 

We have £(ei — e^) = t?2 and E(e2 — 63) = $1 — $2- Thus the based root datum above is self-dual. 
Note that S(p) = §z?i + i# 2 - Write A for A(C); it is the dual torus to A via the isomorphism in 



10. Discrete Series for GSp 4 (IR) 
10.1. The maximal elliptic torus T of G. Consider the map GL2 x GL2 



GL4 given by 



a b 
c d 



e f 
9 h 



(a b\ 

e f 
g h 
\c d J 



The composition of this with the natural inclusion S x S — s- GL2 x GL2 gives an embedding of 
S x S into GL4. This restricts to an embedding of T ker into G, whose image is an elliptic maximal 
torus T of G. Thus we have it ■ T kcr — > T. 

T(K) is the subgroup of matrices of the form 



(10.1) 



( rcos(6>i) 



l r sin^i) 



rcos(02) — rsin(02) 
rsin^) rcos(#2) 



— rsin(0i) \ 
rcos(^i) J 



for r > and angles #1 , #2 • 

Pick an element £ € G(C) so that 



Ad(0 



/a -6 ^ 

c — d 

d c 

\b a J 



fa 



V 



+ ib 



c + id 



id 



ib J 



and put B T = Ad(£~ 1 )B A . Then B T is a Borel subgroup of Gc containing T, and Ad(£) : T(C) —> 
j4(C) is the canonical isomorphism associated to the pairs (T,Bt) and (A, Ba). The definitions 
have been set up so that 

t*A ° $kcr = Ad($) O i T . 



We identify A(C) as the dual torus f to T via the isomorphisms 
(10.2) 



X*(T) ( 4* X*(T kor ) *4' X*(A kci ) V X*(A cok ) 9 ^ X4A kei ) ( 4* X,(A). 
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10.2. Real Weyl Group. We use Ad(£) to identify ft with the Weyl group ofT(C) in G(C). Recall 
that Q R denotes the Weyl group of T(K) in G(R). By 45 , Proposition 1.4.2.1, we have 

U K = %(T(R))/(T(l)nA' M ). 

When discussing maximal compact subgroups of GSp 4 (R), it is convenient to use a different 
realization of these symplectic groups. Following [31J . take for J the symplectic matrix 



V 



1 \ 

1 



/ 



Take for the standard maximal compact subgroup of GSp 4 (R) (the intersection of G(R) with 
the orthogonal group), and SKr the intersection of K-g, with Sp 4 (R). One finds that SKr is iso- 
morphic to the compact unitary group [^(R), and yields the Weyl group element w% . The element 
diag(l, 1, —1, —1) £ A r G ( R )(T(M)) n Km gives u>o £ Or, and these two elements generate Or. This 
subgroup has index 2 in 51, and does not contain the element w\. 

10.3. Admissible Embeddings. Consider the following admissible embedding tjb '■ L T L G. 
Write 9{z) = A for z £ C x . We have L T = T X Wr, with r acting as the longest Weyl group 

element on T. 

Writing L T = f x Wr, we put 



/ 9{zf 



VbO- x z ) 



0(z)-3 J 



X z 



for z £ C x Wc, 



for t £T, and 



77s(t x 1) = t x 1, 



x r) = J x t. 



10.4. Elliptic Langlands Parameters. Let a, 6 be odd integers with a > b > 0. Let i be an even 
integer. Put fi = t, t, t) + (a, b, —b, —a)] and v = t, t, t) + (—a, —6, 6, a)], viewed in X*(T)c- 
Then we may define a Langlands parameter <^g : Wr — > L G by 



/ 6»(z) a 



93 G (z) = z"2" xz = \z\* 



8(z) b 



\ 



6{z)- b 

V ^r a J 

and <pg( t ) = J x T - 

Note that the centralizer of <£>g(Wc) m G is simply A, and that (/i, a) is positive for every root 
of A that is positive for Ba(C). Thus fa determines the pair (A, Ba), where Ba is simply Ba(C). 
Define a Langlands parameter ips '■ Wr — > L T by 

<p B {z) = l^l'diag^^)"- 3 ,^) 6 - 1 ^^) 1 - 6 ^^) 3 -") x z, 

and <^b(t) = 1 x r. Then = i]b ° '■Pb- 

Let 7T(3 = Tr(ifQ, Bt) and 7r G = 7r(y>G, tUi(-By)), recalling notation from Section [2.2l The L-packet 
determined by ipo is 

n = {tt g ,tt' g }. 

Here ttq is called a holomorphic discrete series representation, and tt' g is called a large discrete series 
representation. 
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The highest weight for the associated representation E of G(C) is 

A B = ^(a + b- 4,t-b+l,t- a + 3,0) eX*(A). 
From this we may read off the central character Xo(zl) = z* for zl <G Aa(C). 

11. The Elliptic Endoscopic Group H 

11.1. Root Data. Let H be the cokernel of the map G m — > GL2 x GL2 given by t i->- tl x i -1 /. 
Write A H for the diagonal matrices in H, and Bh for the pairs of upper triangular matrices in H . 
Fix l a h : A cok 4 ^4 ff given by 



(a, &, c, d) 



Write Tjj for the image of S x £ in H. It is an elliptic maximal torus in H . Fix lt h : T" C ok -> Iff 
obtained from the map 5x S — > GL 2 x GL 2 given by a M> (45(a), is (a)). Put B r p H = Ad(xxx)~ 1 Bn, 
a Borel subgroup of He containing Th- Then Ad(x x a;) is the canonical isomorphism T#(C) ^> 
j4 h (C) associated to the pairs (Th,Bt h ) and (A ff ,i3tf). We view X*(Th) as the kernel of the map 
p : Z 2 x Z 2 — > Z given by (a, 6) x (c, d) a + 6 — c — <i. We have a basis of roots Ah given by 

(11.1) A H = {(1,-1) x (0,0), (0,0) x (1,-1)}, 

and p H = 1(1,-1) x 1(1,-1). 

Furthermore, X*(Th) is the cokernel of the map 1 : Z — > Z 2 x Z 2 given by oh> (a, a) x (—a, —a). 
We have a basis of coroots given by 

(11.2) A£ = {(1,-1) x (0,0), (0,0) x (1,-1)}, 
viewed in the quotient X*(Th)- 

11.2. Dual Group Let H = {(g,h) e GL 2 (C) x GL 2 (C) | det(g) = det(h)}. We have an 
inclusion A ker (C) — > given by 

a \ 1 d 



(a,b,c,d) ^ ^ a & 



Write ^4 ff C i? for the image. We thus have an isomorphism : A^ CI (C) —> A H . 
Also write Bh for the subgroup of upper triangular matrices in H. This Borel subgroup determines 
a based root datum for H . 

Giving H the trivial L-action, we view it as a dual group to H via the isomorphisms 

x*(A H ) (tA 4 r x*(A cok ) 9 -t x*(A kcI ) {lA 4 h X*(A H ), 
x*(A H ) {lA 4 r x*(A kcI ) 4 x*(A cok ) {lA 4 } * X*(A H ). 

We identify A H as the dual torus Th to Th via the isomorphisms 

(11.3) X*(T H ) {lT A Y X*(T cok ) X*(A cok ) H X*(A kcr ) { ' A 4 r X*(A H ). 

Let r] : L H — > L G be given by 



r c b d )4ii]^» 



Let 



/ ° 6 \ 

e / 

9 ft 

V c d y 



X w. 
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The image r)(H) is the connected centralizer in G of rj(s). Thus, (H, s, rf) is an elliptic endoscopic 
triple for G. In fact it is the only one, up to isomorphism. 
Moreover note that r\ restricted to A H is given by 

(11-5) r]\ AH = l a o (i^y 1 . 

(Recall that A = A(C).) 

12. Transfer for H(R) 

The goal of this section is Proposition [T2j in which we identify e^ G and e^, . This is part of the 

global transfer f H dh which is to be entered into ST g for the endoscopic group H. We will recognize 
it using the character theory of transfer reviewed in Section [3] 

12.1. Parametrization of Discrete Series. First we must set up the Langlands parameters for 
discrete series representations of H(M), and describe how they transfer to i-packets in G(M). Recall 
that we have fixed three integers a, b, t, with a, b odd, t even, and a > b > 0. Define the Langlands 
parameter <p H ■ Wr — > L H = H x Wr by 

= \*\* ( 9{ZT e{2 y a ) x \z\* ( ^ e{zyb ) x , 

for z £ Wc, and 

<Ph{t) = ( 1 X ) x (i 1 ) x T ' 

Then ipn determines the pair (Ah, Bh)- The i-packet is a singleton {tth}- The corresponding 
representation Eh of H (C) has highest weight 

Ajy = -(t + a- l,t- a + 1) x ^(* + & - 1)*- b + 1). 
From this we read off the central character Xq{z\,Z2) = {zxZ^Y- Most importantly, we have (pa = 

V ° tfiH- 

There is another Langlands parameter ip' H given by 



AM - W ( 9W> „„-. ) x W ( 



and by V 3 i/( r ) = <Ph{t) as above. 

Again the L-packet is a singleton {tt' h }. The corresponding representation E' H has highest weight 

\' H = -{t + b-l,t-b + l)x^(t + a-l,t-a + l), 

and the same central character as Eh- 

Let ip' G = rjoip' H . Then (^' G = Int(u>2)°¥>G) so it is equivalent to (fQ. In particular, both i-packets 
{tth } and } transfer to II = {7rc, tJ"^}- 

12.2. Alignment. Recall the definition of alignment from Section [3] 

Lemma 8. Define j : Th ^ T by j = lt o ° ('-Th) ■ Then (J, Bt, Bt h ) is aligned with ipn> 
and (j,WiBx, Bt h ) is aligned with ip' H . 

Proof. Since the parameter ipa gives the pair (A, B), the parameter <p' G gives the pair (A, w\B), and 
since <pn and tp' H both give (A, Bh), the horizontal maps in (I3.2[) are identities. The map j : T — > Th 
may be computed by composing the isomorphism X*(T) —> X*(T) in (110.21) with the induced map 
j* : X*(T) 4 X*(T H ) and finally with the inverse of the isomorphism X*(f ff ) 4 X*(T H ) in ([TO]) . 
Using Equations (|8.1I) and (| 1 1 . 5|) . one finds that 

j = tA H ° ('-a) -1 = »7 - \ 

as desired. 

□ 
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12.3. Transfer for H M . 

Proposition 12. Let ttq — tt(lpg, Bt) and tt' g ~ tt(ipg 1 uj^ 1 (Bt)) as described in Section \l0-4\ 
Then (using notation from Section \2.J$ we may take e^ G = e^ H + e^' , where tth (resp., n' H ) is the 
discrete series representation determined by ipn (resp., by <p' H ) as above. Furthermore, we may take 

e *'a~ Tv- 
Proof. By Lemma |H1 we may use 

A 00 ((f H ,TT(ip G ,uj^ 1 (B T ))) = (a LJ ,j^ 1 (s)) 

and 

A 00 (<p'H,' !r ('PG,u~ 1 (w 1 B T ))) = (a wiuj ,j^ 1 (s)) 
for lj e f2. In both cases, this is given by 



1, if U € Or, 
-1, if lj 4 



Note that (a WlU ,j 1 {s)) = —(a^,j 1 (s)). Therefore the characterization (13. 1|) becomes, for a general 
measure /oo^ffoo at the real place, 

®th {f" dh oo) = ^2 A 0O (^i ?) 7r)G w (/ oo ds' 0O ) 

7rgn(v5 G ) 

and similarly 

In our case, we obtain 

©. H ( e fJ-e^( e f G ) = (-i)^ G ), 

and 

©„(<) = e^(^) = -(-i) 9(G) - 

The proposition follows. □ 

13. Levi Subgroups 

13.1. Levi Subgroups. We give the standard Levi subgroups of G, which are those of the parabolic 
subgroups containing E>a- We have the group A, the group G itself, and the following two Levi 
subgroups: 

M X = U 9 Xg j \geGL 2 ,\e&, 

M 2 = {\ g j | g e GL 2 , a, b € G m , det( 5 ) = ab 

Note that both Mi and M 2 are isomorphic to G m x GL2. 

The group H also has four Levi subgroups, namely A H , the group H itself, the image Mf 1 of 
GL2 xAq in H, and the image M 2 of Aq x GL2 in H . Note that both and M 2 are isomorphic 
to GL 2 xG m . 



STABLE TRACE FORMULAS AND DISCRETE SERIES MULTIPLICITIES 



33 



13.2. Miscellaneous constants. We now compute the invariants from Section 15.11 for the Levi 
subgroups of G and H . 

First, we compute the various k{M). When M is the split torus A its derived group is trivial 
and so k(A) = 1. For i = 1,2, the Levi subgroup Mj is isomorphic to GL2 xG m , and the torus is 
isomorphic to S x G m . Since S and G m have trivial first cohomology, again fc(Mi) = 1. 

Lemma 9. We have k{G) = 2. 

Write T as before for the elliptic torus of G. 

Proof. Recall that T\ is the kernel of Nm and H 1 (M., Ti) has order 2. 
Recall that the torus T is isomorphic to the kernel of the map 

S x S ^ G m 

given by 

(a,P) 1 — ^ Nm(a/P). 

Projection to the first (or second) component followed by Nm gives an exact sequence 

(13.1) 1 -> Ti x Ti ->• T -> G m -> 1. 

We have that G sc = Gder and the inclusion T sc = Gder (~\T a T may be identified with the map 
T\ x T\ — > T in the sequence above. In particular, i? 1 (R, T sc ) has order 4. 
Taking the cohomology of (|13.1j) gives the exact sequence 

1 ->• R x /R x2 ->• iJ^K,^) iJ^R,^ 1, 

from which we conclude that iJ x (R, T sc ) iJ x (R, T) is surjective and iJ^R, T) has order 2. □ 

One must also compute kiMjj) for Levi subgroups M# of The intermediate Levi subgroups 
are again isomorphic to GL(2) x G m , and for Ah the derived group is trivial. So k(Mjj) = 1 for 
each of these. 

Lemma 10. We have k(H) = 1. 

Proof. We have T = P(S x 5), # sc = SL 2 x SL 2 , and T sc = T t x T x , The map T sc T factors 
through Ti x T\ — > 5 x 5. As above we conclude that fe(-ff) = 1. □ 

Secondly, we compute the Tamagawa numbers. Recall that 

r(G) = |7r (Z(G) r «)|-|ker 1 (Q,Z(G))r 1 . 

Proposition 13. We have r(M) = 1 for all Levi subgroups of G, and for all proper Levi subgroups 
of H, andr{H) =2. 

Proof. For each of these groups, Z{M) is either the group C x with trivial rQ-action, or a product 
of such groups. By the Chebotarev Density Theorem, the homomorphism 

Hom(rQ, C x ) -> Yl Hom(r Q „ , C x ) 

V 

is injective. So | ker 1 (Q, Z(G))\ is trivial for our examples. Computing the component group of 
each Z(M) is straightforward. 

□ 

The quantities are easy to compute, using Nq(M) C Nq(Z(M)). When M is a maximal 
torus, is of course the order of the Weyl group. For the intermediate cases, one finds that 

n Mi = n Mf 1 = ^" 

For 7 = 1, we have T M (7) = 1 for each M, since each M is connected. Note that for Levi 
subgroups M of G, all proper Levi subgroups M of iJ, and all semisimple elements 7 in G or H, we 
have I M (7) = 1 since in all these cases the derived groups are simply connected. 
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Finally, we compute l{G,H), which we recall is given by 

L(G,H)=T(G)T(H)- 1 \Out(H,s,ri)\- 1 . 

One may compute the order of Out (H,s,rj) through Section 7.6 of [16] , which shows that this set 
is in bijection with f\(j](s), p), in the notation of that paper. This last set is represented by {1,17}, 
where 

( 1 \ 

1 

9= 1 ■ 

V 1 / 

The conclusion is that l(G, H) — — . 

14. Computing 5$m for Levi Subgroups of G 
Recall from Proposition [3] the formula 

*Af(7,e B ) = (-i)'W|n £ | ^)^(r,v*{ XB+PB) _ PB ), 

uen LM 

for 7 e T e (R). 

In this section, the maximal torus will be conjugate to A, and the character group will be identified 
with X*(A). We specify an inner product we use on X*(A)r for the Weyl Dimension Formula 
(Proposition 0]). 

Definition 23. The usual dot product gives an inner product (, ) on X*(A)r, viewing it as a hyper- 
surface in M. . 

Consider the isomorphism 

pr : X*(A) K ^ X t (A) R 

given by 

pr(a, 6, c, d) = (a, 6, c, d) — — -(1, —1, —1, 1), 

and let 

(X,p) = (pr(A),pr(»). 

For instance, 

pr(A B ) = -(a + 6 + i - 4, a-b + t-2,-a + b + t + 2,-a-b + t + 4). 

It will also be necessary to compute fi iM for each example. Recall that this is the set of w 6 £1 so 
that w~ 1 a > for positive roots a which are either real or imaginary. 

14.1. The term $g- By Proposition 14 . 1 1 we have $g(7j © £ ) = t r (7; E). Using the Weyl dimension 
formula, we compute 

S$ G (1, e VB ) = ~^ab(a + b)(a - b)v(G)-\ 

14.2. The term S^m 1 . Consider the torus T Ml given by 

fab \ 

—b a 

Xa Xb ' 
\ -Xb Xa J 

with a 2 + b 2 7^ and A ^ 0. This is an elliptic torus in M\. 

There is one positive real root, e% — e^, and one positive imaginary root, ccmi — si — &2- We have 
n LM = {1,101}, q(L) = 1, and \n L \ = 2. This gives 

$ Ml (i,e B ) = (-2) 



dime V^ 1 - dim c VJ 
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where = |(a + b - 4, t - a + 1, t - b + 3, 0) € X*{T). 

Note that (qm^A^) = i(6 — 1). The Weyl dimension formula yields dime V^ 1 = b and 
dime Vy 1 = a. Thus, 

%/ 1 (l,e TC ) = -(6-«MM 1 )- 1 . 
14.3. The term S$m 2 - Consider the torus Tm 2 given by 



/ 



V 



a —b 
b a 



with sf = a 2 + 6 2 7^ 0. This is an elliptic torus in M 2 . 
We may conjugate this in G(C) to matrices of the form 

/ 8 

a + ib 



7 



a — ib 



V 



in A(C). Composing the roots of A with this composition, we determine the positive imaginary root 
% = e 2 — e 3 . We have Q LAI = {l,w 2 }. 
This gives 



<j>M 2 (i,e £ ) = (-2) 



dime V\g 2 - dime 1/* 



Af 2 



where X% = \{t - b - 1, a + 6 - 2, 0,t - a + 3) G X*(T). Note that 

P r ( A s) = ^(< + a-&-4,t + a + &-2,t-a-6 + 2,<-a + 6 + 4). 

The Weyl dimension formula yields dime V^ 2 — | (a — 6) and dime V^f 2 = \ (a + b) , and so 

S^M.CMvrJ =6-u(M 2 )- 1 . 

14.4. The term S$ A - By Proposition 0~U we have $,4(1, ® E ) = {-l) q{G) \Q G \ = -8, and so 

5$ A (l,e ffG ) =4T7(A)- 1 . 



15. Computing for Levi subgroups of if 

Since e^ G = e 7!H + e n / , we have 

S<Wl,efj = (-l)^) ( _i)dim(^M H )^ (MHrl [$ MH (i )0ffH ) + $ Mh (1,0^)] . 

15.1. The term 5$j?(l,e^). In this case if has the elliptic torus Th- 

From Proposition 14. 1[ we obtain $#(1,0,^) = dimc-Eff. To apply the dimension formula, we 
compute for instance (a\, Xh) = a — 1, (a 2 , Xjj) =6—1, and (aj, = 1. 
We find that 

<P H (l,e E «) = <P H (l,e E ") = ab. 

Therefore 

S<S> H (l,e% G ) = -2v(Hy 1 ab. 

15.2. The term S$ a h (1, e" G ). From Proposition [47T1 we obtain 

$^(1,0 E ") = $^(1,0 E ")=4. 

Therefore 

S$ A «(l,ef G ) = -8U(A if )- 1 . 
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15.3. The terms S&MhO-i e w G ) f° r the intermediate Levi subgroups. For both M — Mjj 
and M = Mjy, we have tto — ^fiji, and so formula (|4.ip becomes simply &M H 0-,<d EH ) = 
(—2) dime V?f H for both of these Levi subgroups. 



A 

We obtain 



and 

Therefore 



<Pg(z) = |*|* 



X z, 



$ Mir (i,e^) = $ M ^(i,e B H) = -2a 
$ Mi (i,e^) = $ Mi (i,e B -) = -26. 

5$ M1 (l,ef G ) = 5<& M ^(l,ef G ) = -2tJ(A4)- x (a + 6). 

16. Final Form: 7 central 

Recall that G = GSp 4 . For the convenience of the reader, we recall the set-up. 
Let a, b be odd integers with a > b > 0, and t an even integer. Consider the Langlands parameter 
(PG-Wn-> L G given by 

/ 6{z) a \ 
6{z) b 

9(z)- b 

V 0(z)- a J 

and (pa{ T ) — J x T - 

Let 7rG be the discrete series representation tt(ipc,Bt) of G(M.) as in Section l2~2l Write tt' g for 
the other representation in Il((pc)- 

Put foodgoo — e-KG as in Section [2.41 for ttq and any measure f°°dgf on G(A/). Let /g?<? = 
e WG /°°c?(?/, a measure on G(A). By the theory of endoscopic transfer there is a matching measure 
f H dh on H(A), where 77 is the elliptic endoscopic group P(GL 2 x GL2) discussed above. 

If z E Ag(Q), then J2m ST g (fdg, z, M) is given by the product of Xo(z) — z l with: 

__L a6 ( a + b)(a - b)v(G)- l f°°(z) + \{a - b)v{M{)- 1 ffc (z) + \bv{M 2 y l + \v{A)~ l f?(z). 

If z = (zi,z 2 ) e A H (Q), then J2m h ST g (f H dh,z,M H ) is given by the product of \ff(z) = (z 1 z 2 ) t 
with: 

-4abv(H)-\f H ^(z) 2(a + b^Mj,)- 1 f^ 2 (z) - W^)" 1 /^^)- 
17. The case r = Sp 4 (Z) 

Let f°°dgf — e# , where K = G(Of). Here <i<fy- is an arbitrary Haar measure on G(Af) so that 
dg = dgfdgoa is the Tamagawa measure on G(A). 

17.1. Central terms in G. Note that Jm( z ) — f° r an z <= ^(Q) unless z = ±1, and that 
= /^(-l) for all Levi subgroups M. 
First we compute ST g (fdg,±l,G). We have 

__L a&(a + b){a _ ^(GO-V^Cil) = ~^ a& (« + 6)(a - fo)r(G)- 1 d(G)- 1 X K„(G) 

= 2- 10 3- 3 5- 1 ab(a + b){a - b). 
Next we treat the ±1 € M, terms, for the intermediate Levi subgroups. We have 

ST g (fdg,±l,Mi) = ~(a - 6)v(M 1 )- 1 /S(±l) 
= -2- 6 3 _1 (a-6), 

and 

ST g (fdg,±l € M 2 ] = i6«(M 2 )- 1 /A~ 2 (±l) 
= -2 -5 3 -1 6. 
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Next we treat the ±1 e A terms. We have /a(1) = vol^a^K n A(Af)) 1 , which is 1. Moreover 
we take Lebesgue measure on A($t) so that v(A) = 8. It follows that 

ST g (fdg,±l,A) = lv(A)- x f?(±l) = 2- 4 . 
Doubling these terms to account for both central elements, we compute 

(17.1) ST g(f d 9> z ' M ) = 2~ 9 3~ 3 5~ 1 a6(a + 6) (a - b) - 2~ 4 3~ 1 (a - b) - 2" 4 3 _1 6 + 2~ 3 . 

z,M 

17.2. Central Terms in H. By the Fundamental Lemma (See Hales [T3] and Weissauer for 
GSp 4 , of course Ngo [35] in general), we may write (eK ) H = £k h > where K H = H(Of). Thus 
(/°°)m( z ) = for all z e H(Q) unless z = (1, ±1), and 

/m°°(1,1) = /m 00 (1 ) -1) 

for all Levi subgroups M — Mjj of H . 

The only nontrivial factors in the formula of Theorem H are | ker p(Q)| = 2, [H(R) : H(R) + ] = 4, 
and Xai g (i? sc (Z)). Note that H sc = SL 2 x SL 2 . 

Therefore 

XK H (H)=2- 1 Xalg (SL 2 (Z)) 2 
= 2~ 5 3~ 2 . 

We conclude that 

ST g (f B dh,(l,±l),H) = -AabviH^voliKH)- 1 
= -2- 4 3- 2 ab. 

Next we find that £- = i ST g {f H dh, (1,±1),M H ) is equal to 

2 

Y,ST g (f H dh,(l,±l),M H ) = -2(a + b)v(M H )- 1 vol(K M )- 1 

i=i 

= 2- 3 3~ 1 (a + &). 

Finally, we have 

ST g (f H dh,(l,±l),A H ) = -2v(A)- 1 vol(K A )- 1 
= -2- 2 . 

Multiplying by i(G,H) — 4" 1 , then doubling to account for both central elements, we compute 

(17.2) i(G,H) ST g {f H dh,z,Al H ) = -2- 5 3- 2 ab + 2- 4 3- 1 {a + b)-2- 3 . 

z.Mh 

18. Comparison 

As mentioned in the introduction, Wakatsuki in [33], [J2] has used the Selberg Trace Formula, 
and Arthur's L 2 -Lefschetz number formula to compute the discrete series multiplicities mdisc(7r,r) 
for 7r both holomorphic and large discrete series representations for Sp 4 (K), and for many cases of 
arithmetic subgroups T. We will compare our formula to his when T is the full modular group. 
(Note that if 7r is a discrete series representation of GSp 4 (R) with trivial central character, and m 
is its restriction to Sp 4 (R), then mdi S c(77, T) = m,n sc (7ri,Ti), where Ti = Sp 4 (Z).) Since he is using 
the Selberg trace formula, his formula breaks into contributions from each conjugacy class in F. 
In particular, he identifies the central- unipotent contributions H^ Ql and H^ &rse to m-disc^G) and 
Wdisc(7i"G)' respectively. Namely, 
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H 



Hoi 



2- 9 3- 3 5- 1 ab(a - b)(a + b) - 2" 5 3" 2 a& + 2" 4 3" 1 6 



and 



^Largc = 2 -9 3 -3 5 -l a6(a _ &)(fl + & ) + 2 -^ 2 ab - l^^b + 2~ 2 . 

(To translate from his notation to ours, use j = b — 1 and k = i(a — b) + 2.) 
Using these formulas and and our formulas above, we find 



fff 01 = E ST g (fdg, ±1: M) + l(G, H) ST g (f H dh, (1, ±1), Mh) 




when fdg — e 7TG eK and 



^Largc = ^ S T g (fdg, ±1, M) + t(G, H) £ ST g (f H dh, (1, il),M H ). 




when fdg = e^ G e Ko - 

This proves Theorem [TJ 
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